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Abstract
We examine premixed turbulent combustion within the context of a hydrodynamic model derived from
physical first principles. This is an asymptotic model that exploits the multi-scale nature of the problem,
characterized by two disparate length scales: the diffusion length scale representing the flame thickness and
the hydrodynamic length scale associated with the dimensions of the combustion chamber. It treats the
flame as a surface of density discontinuity that separates the burned gas from the fresh combustible mixture
and propagates relative to the unburned gas at a speed that depends on the local stretch rate - a measure
of the deformation of the flame front that depends on the local curvature and hydrodynamic strain rate
that it experiences. The dependency on stretch rate is modulated by a Markstein length, a parameter of
the order of flame thickness that mimics the effects of diffusion, mixture strength and stoichiometry. In an
experimental setting, a change in the value of Markstein length can be brought about by varying the fuel type
and mixture composition or through variations in system pressure. A numerical methodology was developed
for the implementation of this model that requires a surface tracking algorithm for the evolution of the flame
front combined judiciously to a Navier-Stokes solver for the variable density fluid-dynamical equations. Such
a hybrid algorithm is developed and utilized to study premixed turbulent flame propagation, with an aim
of providing a deeper insight into the mechanisms governing flame-turbulence interactions. In particular,
this approach is used to systematically address the fundamental problem of determining the turbulent flame
speed, a problem that has been at the forefront of combustion research for several decades. The turbulent
flame speed, defined as the mean propagation speed of a premixed flame in a turbulent environment, is of
great practical importance being directly related to the mean fuel consumption rate in a given combustor.
The relatively simplistic nature of our methodology allows us to span a wide parameter space, typically not
possible via experiments or direct numerical simulations. One of our primary findings is that depending
on the composition of the combustible mixture and the intensity of turbulence, the turbulent flame can
have markedly different shapes with dramatically different turbulent flame speeds. The flames can either be
statistically planar, corrugated with increasing sharp crests pointing towards the burnt gas that are generated
through hydrodynamic effects resulting from the expansion of the hot products or highly corrugated with
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instances of the flame folding on itself and forming pockets of unburnt gases that detach from the flame
surface and get consumed. Characterization of the turbulent flame is done via statistics of quantities such as
thickness of the flame brush, flame curvature and the hydrodynamic strain exerted by the flow, which includes
contributions from turbulence and the induced flow due to the flame. Another important aspect of our work
is the formulation of scaling laws governing the turbulent flame speed. These scaling laws are free of any
modeling assumptions and ad-hoc parameters commonly used in turbulent studies. In particular, they exhibit
explicit dependence on various functional parameters, including: turbulence parameters, such as turbulence
intensity and length scale; combustion parameters, such as mixture composition and heat release; and flow
parameters, such as hydrodynamic strain. All the aforementioned parameters can either be calculated or
measured experimentally. The scaling laws obtained show very good agreement with the experimental scaling
laws, which typically contain one or more adjustable parameters, available in the literature. This work and
its results further our understanding about the complexities of the intricate mechanisms that govern flame-
turbulence interactions and can be used to guide ongoing experimental and large-scale numerical simulation
efforts in this field. Also, accurate scaling laws for the turbulent flame speed are central to the design and
optimization of internal combustion engines leading to improved performance, and for improving predictive
capabilities of existing software that model and simulate the complex turbulent field within combustion
devices.
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Chapter 1
Introduction
1.1 Motivation
Combustion within a turbulent flow field has a remarkably broad range of both engineering and basic science
applications - from the design of internal combustion engines and problems of ensuring safety in mines,
to the dynamics and properties of turbulent thermonuclear flames in type Ia supernovae. Its description
involves the entire gamut of complexities associated with a turbulent flow field, further complicated by
inter-diffusion of a large number of species and substantial heat release generated by complex networks of
chemical reactions. Premixed turbulent combustion in particular, can be found in many practical energy-
conversion devices such as automotive engines, industrial gas turbines and industrial furnaces. One of the
major advantages of premixed combustion is that mixing of the fuel and air streams prior to combustion
provides effective control of the stoichiometry of the flame. This can help avoid the emission of unburnt
fuel, carbon monoxide, particulates and also help minimize NOx production. However, premixed combustion
typically occurs in flamelets, which are thin reactive-diffusive layers, embedded in an otherwise non-reacting
turbulent flowfield. The interaction between the flow field and these flamelets creates a highly convoluted
interface between the reactants and products. Details of this interface control many of the important design
considerations such as flame length and shape, flame kernel growth, flash back and blow out limits, acoustic
instabilities, and noise. Hence, understanding the propagation of a premixed flame in a turbulent flow is an
important task.
1.2 Regimes in turbulent combustion
Premixed turbulent combustion can be characterized into two distinct limiting regimes, as suggested by
Damko¨hler [2]: (1) a large-scale turbulence regime where turbulence-flame interaction is purely kinematic
and the flame is thin compared to the smallest turbulent scale, and (2) a small-scale regime where small eddies
interact with the transport mechanisms within the flame. These regimes have undergone further classification
[3–5] over the years leading to the development of a regime diagram on the (v′c/SL)× (`/lf ) plane, as shown
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in Fig. 1.1, for premixed turbulent combustion, where v′c/SL is the ratio of the turbulence intensity measured
as the rms of fluctuations to the laminar flame speed and `/lf is the ratio of the integral length scale to the
laminar flame thickness. The turbulent Reynolds number ReT = v
′
c`/ν (ν is the kinematic viscosity) based on
the integral length scale separates laminar flame propagation (ReT < 1) from the turbulent case (ReT > 1).
The turbulent region is further classified into the wrinkled and corrugated flamelet regimes, the thin reaction
zone and the broken/distributed reaction zone regimes based on the magnitude of scale separation between
the Kolmogorov scales (η), the laminar flame/preheat zone thickness (lf ) and the reaction zone thickness
(lδ)
1. In the wrinkled and corrugated flamelet regimes the Kolmogorov eddies cannot penetrate the flame
thickness (η < lf ) and the flame-turbulence interaction is purely kinematic/advective. The intensity of
turbulence provides the distinction between the wrinkled (v′c/SL < 1) and corrugated flamelet (v
′
c/SL > 1)
regimes. The wrinkled flamelet regime corresponds to Damko¨hler’s large-scale turbulence regime. In the
thin reaction zone regime, the Kolmogorov eddies penetrate the flame (η < lf ), which could increase scalar
mixing, but are still larger compared to the reaction zone (η > lδ) and hence do not affect the chemical
processes. In the broken reaction zones regime Kolmogorov eddies penetrate into the reaction zone of the
flame (η < lδ) causing the chemistry to break down locally, followed by a decrease in temperature, which
ultimately causes the flame to extinguish. This zone corresponds to the small scale regime of Damko¨hler.
It must however be noted that these regime diagrams, which provide a classification of the possible
flame-turbulence interactions, are constructed qualitatively by comparing various turbulent time scales with
their laminar counterparts and there is no experimental or numerical evidence quantitatively supporting
the definitions of the various regimes. In the distributed reaction zones regime, typically characterized by
Karlovitz number (ratio of the residence time within the flame to the Kolmogorov turnover time) Ka > 1,
it is suggested that small scale eddies penetrate the flame zone and possibly modify its internal structure.
However, there is no evidence to-date neither from experiments nor from simulations, that turbulent transport
leads necessarily to broadening the flame preheat and reaction zones. For example, Shepherd et al. [7]
observed lean methane-air flamelets with Karlovitz number in the range 1 − 17; they found that even at
the highest Karlovitz numbers the internal flamelet structures remained unaffected by the turbulence and
were similar to those derived from laminar flame calculations. Similarly, the piloted premixed flames in the
experiment of Dunn et al. [8] corresponding to Ka ∼ 100− 3500 did no show evidence of flame broadening,
even when reducing the Damko¨hler number to sufficiently low values. Numerous other examples are listed
by Driscoll [9, Table 2] who states that “the criterion that flamelets become thick when Karlovitz number
exceeds unity does not appear to be realistic.” Recent DNS by Poludnenko and Oran [10, 11] seems to
1The structure of a premixed flame can be divided into the preheat zone where appreciable temperature rise occurs, and an
inner layer known as the reaction zone, where the chemical reactions take place. The inner layer is responsible for keeping the
reaction processes alive. For further details the reader is referred to [6].
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Figure 1.1: Regime diagram for premixed turbulent combustion.
support this conclusion, stating that “the turbulent cascade fails to penetrate the internal flame structure,
and thus the action of small-scale turbulence is suppressed throughout most of the flame”.
1.3 Numerical techniques used to study turbulent combustion
Given the complexity and cost of the experimental setups required to attain a fundamental understanding of
the intricately coupled processes that govern turbulent combustion, one often resorts to numerical simulation
techniques. Combustion, even without turbulence, is an intrinsically complex process to simulate numerically.
Turbulence in itself is probably the most complex phenomenon in non-reacting fluid mechanics and has a
host of numerical challenges associated with it. This gives an idea of the complexities involved in examining
turbulent combustion numerically. The numerical techniques used to examine turbulent combustion are -
(1) Direct Numerical Simulations (DNS) (2) Reynolds Averaged Navier Stokes (RANS) and Large Eddy
Simulation (LES) approaches (3) Propagating interface or flame-sheet models.
1.3.1 Direct Numerical Simulations (DNS)
Direct Numerical Simulations (DNS) of such systems involve the resolution of all scales of motion, both
temporal and spatial, without employing any turbulence modeling. Such simulations involve significant
computational resources and hence are typically performed in 2D with detailed chemical mechanisms [12–
3
16] or in 3D with simplified/reduced chemistry [11, 17–21]. There have been some studies in 3D with
detailed chemistry [22–24]. Clearly, the high computational cost involved limits the scope of such studies by
restricting the investigation to small domains and short time intervals, and focusing on a particular set of
conditions associated with a specific mixture. At the present DNS is not an accessible tool that permits a
comprehensive investigation of the propagation of turbulent flames while spanning the large set of relevant
parameters. Apart from the computational expense, another limitation of DNS studies is the difficulty in
extracting necessary information from the reacting field. Since the flame is resolved and has a finite thickness,
methods for evaluating quantities at the flame, for example stretch at the flame surface due to the underlying
flow which plays a major role in flame propagation, are not clearly defined. One resorts to identifying ad-hoc
contours to represent the flame in order to extract information such as the correlations between local flame
speed and stretch. These quantities turn out to be sensitive to the method chosen to evaluate them locally
on the flame [25]. Nevertheless, the DNS technique is the most fundamental and comprehensive when it
comes to representing the various physical phenomena that occur in turbulent combustion.
1.3.2 Reynolds Averaged Navier Stokes (RANS) and Large Eddy Simulation
(LES) approaches
In order to obtain results at reasonable computational costs one has to resort to some form of averag-
ing/filtering and treat the smallest scales on a statistical basis. Information pertaining to small scales, lost
due to averaging/filtering, is restored by the use of modeling. The two most popular forms of statisti-
cal treatment are the Reynolds Averaged Navier Stokes (RANS) approach and the Large Eddy Simulation
(LES) approach. In the RANS approach an instantaneous quantity is decomposed into a mean and fluc-
tuating part. The instantaneous balance equations are averaged to obtain balance equations for the mean
component. These equations typically have nonlinear correlation terms as unknowns that face a closure
problem. They typically require the use of closure models which are based on scaling arguments, results
from DNS calculations and involve ad-hoc modeling parameters. Typical RANS simulations of turbulent
flows require closure models for terms in the momentum equations such as Reynolds stresses. Turbulent
combustion simulations require closure models for extra terms such as mean chemical reaction rate, mean
rate of molecular and turbulent transport. Closure of the turbulent transport terms is typically provided via
classical gradient transport assumptions [26, 27] and the mean reaction rate terms are closed using the Eddy
Break Up (EBU) [28], Bray-Moss-Libby [29], Flame Surface Density (FSD) [30, 31] and statistics based pdf
models [32–34]. In the LES approach the turbulent large scales are explicitly numerically resolved whereas
the effects of the smaller ones are modeled using sub-grid closure rules. The balance equations for LES are
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obtained by filtering the instantaneous balance equations. Most of the RANS closures can be extended to
LES formulations, for example the gradient approach for transport, the EBU [35, 36] and the FSD model
[37, 38] for the mean reaction rates. The results obtained from these methods depend heavily on accuracy
of the the adopted closure assumptions or sub-grid model used.
1.3.3 Propagating interface or flame-sheet models
A considerable simplification arises under the assumption that the turbulent and chemical aspects of the flow
are uncoupled. The effect of the underlying flow on the flame is purely kinematic and the effect of combustion
on the flow occurs via thermal expansion. The reactive-diffusive processes occurring inside the flame are
accounted for via a flame speed model. Such a numerical approach is known as propagating interface or
flame-sheet models. Early attempts with such models [39, 40] assumed negligible thermal expansion across
the flame and treated it as a thin sheet propagating normal to itself at a speed given by laminar flame theory
[4, 41] and being advected by a pre-determined turbulent field. The motion of the flame is tracked via a
level-set equation, also known as the G-equation [6], for a scalar field whose zero level represents the flame.
Peters [42, 43] has developed a RANS-type (Reynolds Averaged Navier Stokes) formulation of the G-equation
describing combustion in both the corrugated flamelets and thin reaction zones regime. Applications of this
formulation can be found in literature [44, 45]. The level set approach has also been extended to the Large
Eddy Simulation (LES) formulation by Pitsch and co-workers [46–48].
1.4 Turbulent flame speed
In a laminar setting, for a given combustible mixture, one can calculate or measure the speed at which a
premixed flame will propagate. Similarly, in a turbulent setting, it has been observed experimentally that
for a given set of experimental parameters, premixed flames on the average cover a fixed distance in a fixed
amount of time. Also, Bunsen flames in statistically stationary turbulent flows possess a measurable average
inclination angle. This gives rise to the notion of a turbulent flame speed ST analogous to the laminar flame
speed SL. The turbulent flame speed can be defined as the mean propagation speed of a premixed flame in
statistical steady state within a homogeneous, isotropic turbulent field of zero mean velocity. Alternatively,
if we adopt a coordinate system in which the flame remains statistically stationary, as shown in Fig. 1.2, the
incident flow can be written as v = (u′, ST + v′) where (u′, v′) are the turbulent fluctuations with u′ = 0,
v′ = 0 by definition. The mass flow rate through the entire flame is given as m˙ = ρuAST , where ρu is the
unburned gas density and A is the cross-sectional area of the domain into which the flame propagates. Under
the assumption that all reactants pass through the wrinkled flame of area Af , the mass flow rate can also be
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Fig. 1. Schematic representation of a wrinkled turbulent flame, illustrating the definition of the turbulent flame speed for a statistically stationary flame.
and Bunsen flames in statistically stationary turbulent flows possess a measurable average inclination angle, from which
a representative flame speed can be identified. The practical importance of identifying a turbulent flame speed is evident
allowing, for example, the determination of the mean fuel consumption rate in a combustor operating under turbulent
conditions.
The turbulent flame speed can be properly defined if one resorts to the configuration shown in Fig. 1, where the flame
described instantaneously by y = f (x, z, t) is in statistical steady state within an isotropic homogeneous turbulent inci-
dent field. Decomposing the incident fluid velocity into a mean and fluctuating component, v = (u′, v + v ′,w ′), where an
“overline" denotes the mean and primes denote the fluctuations, the transverse velocity components have zero mean due
to homogeneity and the turbulent flame speed would be the mean longitudinal incoming velocity, i.e., ST = v . The mass
flow rate through the entire flame is then given by m˙ = ρu AST , where ρu is the density of the fresh unburned gas. Since
all the reactants pass through the wrinkled flame of area A f , the mass flow rate can be equally calculated from the total
contributions of mass flowing through all the differential segments comprising the wrinkled flame, assuming that each seg-
ment propagates normal to itself at the laminar flame speed SL . Then m˙= ρu A f SL , which implies that ST /SL = A f /A. This
relation was first noted by Damköhler [2] who resorted to geometrical arguments with analogy to a Bunsen flame to further
deduce for large-scale turbulence that the area ratio could be approximated by A f /A = 1+ v ′c/SL , where v ′c is the turbu-
lent intensity (the r.m.s. of the velocity fluctuations), implying ST = v ′c + SL . Damköhler thus proposed for high-intensity
turbulence (v ′c ≫ SL ) the linear relation
ST
SL
= v
′
c
SL
(1)
Shelkin [3] extended Damköhler’s ideas arguing that as a result of the flame–vortex interaction, the wrinkled flame
may be viewed as an ensemble of cones with bases proportional to the square of the turbulence integral scale ℓ and
height proportional to v ′c multiplied by the representative eddy turnover time ℓ/SL . He then deduced the relation ST /SL =√
1+ (v ′c/SL)2, which reduces to Damköhler’s result (1) for high-intensity turbulence (v ′c ≫ SL), and to the quadratic law
ST
SL
= 1+ 1
2
(
v ′c
SL
)2
(2)
for low intensity turbulence (v ′c ≪ SL).
Relying primarily on physical arguments, various studies attempted to reconcile the wide scatter in the experimental
data proposing expressions of the form
ST
SL
= 1+ C
(
v ′c
SL
)n
(3)
with various constants C and adjustable exponents n (which include both Damköhler and Shelkin’s formulas), or with
explicit dependence on other functional parameters through dimensionless quantities including the Karlovitz number, the
Figure 1.2: Schematic representation of a wrinkled turbulent flame, illustrating the definition of the turbulent
flame speed for a statistically stationary flame.
calculated from the total contributions of mass flowing through all the differential segments comprising the
wrinkled flame. Assuming that each flame segment propaga es normal to it elf at t e lami ar flame sp ed
SL, the mass flow rate can be calculated as m˙ = ρuAfSL, implying that the ratio of the turbulent flame
speed ST to the laminar flame speed SL is equal to the increase in surface area,
ST
SL
=
Af
A
. (1.1)
Af is the m an area of the wrinkled rbulent flame. This relation was first noted by Damko¨hler [2] who
resorted to further geometrical arguments and approximated the area ratio as Af/A = 1 + v
′
c/SL where v
′
c
is the turbulence intensity (r.m.s of the turbulent fluctuations), implying ST = SL + v
′
c. Therefore for high
intensity turbulence (v′c  SL) Damko¨hler proposed that
ST
SL
=
v′c
SL
. (1.2)
Since then, a lot of research efforts, theoretical, experimental and numerical, have focussed on the deter-
mination of a universal model for premixed turb lent flame propagati and in particular, a mod l for the
turbulent flame speed. The experimental data collected by Abdel-Gayed et al. [49] from a large number of
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studies (approximately 1650 experiments) shows a wide scatter in the measured values obtained by different
investigators, and it was pointed out recently that significant variation in the deduced scaling laws may
result from data obtained under different flow conditions [50]. Nevertheless, some common features were
observed; first, being the increase in the turbulent flame speed with increasing turbulence intensity, largely
associated with the increase in flame surface area, and second, the relatively small increase in ST beyond a
certain turbulence level, commonly referred to as the bending effect. In attempting to analyze experimental
data, theoretical studies have primarily adopted Damko¨hler’s hypothesis and further assumptions were in-
troduced to relate the increase in surface area to the turbulence level. Consequently, the dependence of ST
on turbulence intensity v′c has generally taken the form
ST
SL
= 1 + C
(
v′c
SL
)n
(1.3)
with coefficients C and exponents n, deduced based on geometrical considerations [51], perturbation analyses
[52, 53], or scaling and physical arguments [54–57]; see also the textbooks by Williams [4] and Peters [5] and
the reviews of Lipatnikov and Chomiak [58] and Driscoll [9].
In a practical application, knowledge of the turbulent flame speed allows predicting the average rate of
energy release or equivalently, the mean rate of fuel consumption in a combustor. For example, it is of
significant importance to the design of burners for integrated gasification combined cycle (IGCC) applica-
tions, and to improvements in efficiency of spark-ignition engines. Accurate models for the turbulent flame
speed are essential for simulations as well, for example in the RANS [59, 60] and LES [61] formulations
that utilize turbulent flame speed closure (TFC), closure of nonlinear correlation or subgrid terms related to
flame propagation requires models for the turbulent flame speed, thus making the accuracy of such numerical
approaches dependent on the quality of the model used. Improving the accuracy of turbulent flame speed
models is therefore a primary step towards predictive, reliable, and robust multidimensional simulations of
industrial processes and real devices.
1.5 Research objectives
This research work is based on an approach recently proposed by Creta and Matalon [62] to study premixed
turbulent flame propagation, where the flame is treated as a surface of density discontinuity convected and
distorted by the turbulence. The flame front propagates relative to the fresh mixture at a speed that depends
on the local curvature of its surface and the hydrodynamic strain it experiences. This approach falls under
the category of the propagating interface or flame-sheet models, but with certain differences. The flame speed
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relation used here is not a model and has been derived via systematic asymptotic treatment from the full
governing equations by exploiting the disparity between the diffusion and hydrodynamic scales. Simplifying
assumptions such as constant density across the flame or a flame speed that is a constant/dependent on
curvature only have not been used. Also, this approach does not utilize any modeling assumptions and
ad-hoc parameters commonly used in turbulent studies. Since the flame surface is unambiguously defined,
a clear advantage of this approach over DNS is that any information pertaining to the flame topology is
precisely available and need not be extracted from the reacting flow-field in an ad-hoc manner. However, since
the flame thickness is not resolved in this approach, any information pertaining to the effect of turbulence
on the diffusive processes within the flame or on the flame chemistry cannot be obtained via this treatment.
Also, in the regime of intense turbulence, where the flame loses its laminar internal structure, this approach
cannot be applied.
Large scale laminar premixed flames are typically subjected to the hydrodynamic or Darrieus-Landau
(DL) instability [63, 64] that arises due to gas expansion produced by heat release in a flame, causing the
flow lines across the front to deviate towards the normal to the flame leading to wrinkling of the flame.
Experiments of Kobayashi et al. [65, 66, 67] and Paul and Bray [68] on Bunsen flames, Aldredge et al. [69]
in a Taylor-Couette apparatus and Bradley et al. [56] on expanding spherical flames have suggested that the
DL instability affects turbulent flame propagation as well, but only at low turbulence intensities. Results
from numerical studies of Peters et al. [70], Treurniet et al. [71] and Yuan et al. [72] support the experimental
findings. Similar conclusions were obtained in the limit of weak nonlinearity with a stochastic-type Michelson
Sivashinsky equation [1], suitably forced with a correlated noise term mimicking the effect of turbulence in
the flow. In the fully non-linear regime, results of Creta and Matalon [62] suggest that, similar to the
laminar case, based on a characteristic instability parameter there exist two distinct regimes of turbulent
flame propagation, subcritical and supercritical, characterized by statistically different flame behaviors. The
aim of this research work is to further extend those findings with the following specific objectives
• Systematically examine the sub-/supercritical regimes and formulate general scaling laws for the turbu-
lent flame speed in both regimes exhibiting explicit dependence on fundamental flow and combustion
parameters, such as hydrodynamic strain, thermal expansion, mixture composition and turbulence
parameters such as the intensity and the integral length scale.
• Develop an interface tracking algorithm that overcomes the restriction of the mathematical represen-
tation of the flame surface by a single valued function, as in [62], and allows the flame to fold on itself,
merge/break and form pockets, all of which are events commonly observed in turbulent flame propa-
gation. The single valued flame representation has thus far restricted all our calculations to the low
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turbulence intensity wrinkled flamelet regime. The improved interface tracking algorithm will enable
us to extend our calculations into the corrugated flamelet regime characterized by higher turbulence
intensities.
• Examine and characterize flame behavior when subjected to higher intensities in the corrugated
flamelets regime with the improved algorithm. In particular, investigate the role that flame fold-
ing and detachment of pockets of unburned gases from the flame surface plays in flame propagation.
Determine the role of the DL instability in turbulent flame propagation at higher turbulence intensi-
ties. Formulate scaling laws for the turbulent flame speed and perform a comparison of the scaling
laws obtained with those already existing in the literature.
1.6 Thesis layout
The thesis is organized as follows. An overview of the hydrodynamic flame model, together with the theory
and its numerical implementation via a hybrid Navier-Stokes / interface tracking algorithm is presented
in chapter 2. Chapter 3 discusses the nonlinear evolution of laminar flames subjected to the Darrieus-
Landau or hydrodynamic instability. It also presents a quantitative comparison of the results of the current
methodology to a recent Direct Numerical Simulation (DNS) study of laminar H2-air flames. Extension of the
hybrid algorithm to examine turbulent flame propagation is discussed in chapter 4. Chapter 5 examines the
propagation of premixed flames subjected to low intensity turbulence, falling in the wrinkled flamelet regime
of turbulent combustion. Flame propagation in the corrugated flamelets regime, typically characterized
by higher turbulence intensities and folded flames together with pockets of unburned gases detaching from
its surface, is examined in chapter 6. Scaling laws for the turbulent flame speed in the different regimes
of turbulent flame propagation are proposed and compared to existing laws from literature in chapter 7.
Finally, accomplishments of this research work and future directions are summarized in chapter 8.
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Chapter 2
Hydrodynamic flame model
In the hydrodynamic model the flame, where the chemical reactions, diffusion, heat conduction and viscous
dissipation take place, is assumed to be thin when compared to the representative fluid-dynamical length
scale. The flame thickness lf is characterized by the diffusion length scale given by Dth/SL where Dth is the
thermal diffusivity of the mixture and SL is the laminar flame speed. The fluid-dynamical or hydrodynamic
length scale L is associated with the average size of wrinkles on the flame front or the dimensions of the
combustion vessel. Typically lf is about one millimeter and L is of the order of at least few centimeters.
Viewing on the hydrodynamic length scale, the flame can therefore be represented as a surface of density
discontinuity, propagating normal to itself at a prescribed flame speed, separating the burned gases from
the fresh unburned mixture, advected and distorted by the flow. The flow on either side of the sheet is
governed by the hydrodynamic equations. Jump conditions ensuring conservation of mass, momentum and
energy are satisfied across the sheet. This model was first introduced by Darrieus [63] and Landau [64], who
independently used it to examine the stability of plane flames. They prescribed a constant value of flame
speed and observed that, owing to thermal expansion across the flame, plane flames were unconditionally
unstable. Recognizing their seminal contribution, the hydrodynamic instability is therefore named as the
Darrieus-Landau (DL) instability. Numerous attempts were made to further improve the model, primar-
ily involving the use of non-constant values of the flame speed. A significant contribution was made by
Markstein [73] who included the effect of curvature in the flame speed relation through a phenomenological
constant, which is now known as the Markstein length. The modified expression for flame speed was given
by Sf = SL −L κ, where κ is the flame curvature and L is the Markstein length. For positive values of
Markstein length (L > 0), which we now associate with lean hydrocarbon or rich hydrogen mixtures, the
diffusive nature of the curvature correction reduced the instability regime of the DL instability to long wave
perturbations only. Further advancements to the model were made by the rigorous asymptotic treatments of
Frankel & Sivashinsky [74], Pelce & Clavin [75] and Matalon & Matkowsky [41]. Their analyses exploited the
disparity between the different length scales of the problem, namely the diffusion length scale representing
the flame thickness lf and the hydrodynamic length scale L. The most general mathematical formulation,
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valid for variable transport coefficients and arbitrary reaction orders, was given by Matalon et al. [76], which
transforms the problem to a nonlinear free-boundary hydrodynamic problem, valid for arbitrary flow non-
uniformities and flame shapes, with conditions at the free surface that describe the influences of the diffusion
processes occurring within the flame zone. In particular, an expression for the flame speed was derived, via
asymptotic matching, which included the effects of flame curvature and hydrodynamic strain, modulated
by the Markstein length. An explicit expression for the Markstein length, dependent on physico-chemical
parameters, was also derived. In the current study, we utilize a slightly simplified formulation for constant
transport coefficients and unity reaction orders, which is described below.
2.1 Theory
Deflagrative combustion processes are highly subsonic and a quasi-isobaric limit approximation may be
employed for their description. Accordingly the system pressure is nearly constant, denoted by P0, and
the small (on the order of the representative Mach number squared) pressure variations p balance the
correspondingly small momentum changes. The hydrodynamic equations, consisting of mass and momentum
conservation, are
Dρ
Dt
+ ρ∇ · v = 0 (2.1)
ρ
Dv
Dt
= −∇p+∇ · µΣ (2.2)
where ρ, µ are the density and viscosity of the mixture, v the gas velocity, and
Σ = 2E− 23 (∇·v)I, E = 12
(∇v+(∇v)T)
the viscous stress and strain rate tensors, respectively, with I the unit tensor (the superscript T denotes the
transpose). These equations must be supplemented by an energy equation for the entire mixture and mass
balance equations for the fuel (denoted by F ) and oxidizer (denoted by O), which take the form
ρcp
DT
Dt
−∇·λ∇T = Q$ (2.3)
ρ
DYi
Dt
−∇·ρDi∇Yi = −νiWi$ , i = F,O (2.4)
where T is the temperature, λ, cp the thermal conductivity and specific heat of the mixture, Yi, νi, Wi and
Di the mass fraction, stoichiometric coefficient, molecular weight and molecular diffusivity of species i, and
Q the total heat release. The chemical activity between the fuel and oxidizer is modeled by a one-step overall
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reaction that proceeds at a rate
$ = B ρ2 YFYO e−E/RT (2.5)
with E the activation energy, R the gas constant and B an appropriately defined pre-exponential factor.
The equation of state is
ρT = (W/R)P0 (2.6)
where W is the mixture molecular weight (assumed constant). The transport coefficients µ, λ/cp, ρDi are
assumed to have the same temperature dependence, implying that their ratio is constant; in particular
λ/ρcpDF = LeF and λ/ρcpDO = LeO are the Lewis numbers of the fuel and oxidizer.
Within the context of the hydrodynamic model, with δ ≡ lf/L  1, the flame is considered as a
surface, ψ(x, t) = 0, separating burned gases (the region ψ > 0) from the fresh mixture (the region ψ < 0).
The normal to the flame, conventionally pointing towards the burnt gas, is given by n = ∇ψ/|∇ψ| and
Vf = −ψt/|∇ψ| is the propagation speed of the flame in a laboratory frame back along the normal. The
main variations in temperature and concentration inside the flame zone, occur in the normal direction to the
surface, which permits integrating Eqs. (2.3)-(2.4) together with Eq. (2.1) across the flame zone [76]. Carried
to O(δ), the analysis yields an equation for the local flame speed Sf , defined as the local propagation of the
flame surface relative to the unburned gas Sf ≡ v∗·n−Vf (where v∗ = v|ψ=0− is the gas velocity just ahead
of the flame on the unburned side), of the form
Sf = SL −L K, K = SLκ+KS (2.7)
where SL is the unstretched laminar flame speed of the planar front, K, which incorporates the effects of
curvature κ=−∇·n and strain KS =−n ·E · n, is the local stretch rate. If the velocity field is decomposed
into tangential and normal components and written as v = vτ + vnn, the strain rate can be written as
KS = −vnκ + ∇τ · vτ . The Markstein length, which accounts for the diffusive and reactive processes
occurring inside the flame zone, is given by
L =
{
σ lnσ
σ − 1 +
β(Leeff − 1)
2(σ − 1)
∫ σ
1
ln ξ
ξ − 1dξ
}
lf . (2.8)
where σ = ρu/ρb is the thermal expansion coefficient, Leeff is the effective Lewis number and β is the
Zeldovich or activation energy parameter. The effect of mixture reactivity is contained in the Zeldovich
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number, given as
β =
E(Ta − Tu)
RoT 2a
(2.9)
where E is the overall activation energy, Ta is the adiabatic flame temperature, Tu is the temperature of the
fresh mixture and Ro is the universal gas constant. The effective Lewis number Leeff accounts for the effect
of mixture composition and is given by
Leeff =
LeD +ALeE
1 +A , A =

1 + β(φ−1 − 1) φ < 1
1 + β(φ− 1) φ > 1.
(2.10)
where LeD and LeE are the Lewis numbers of the deficient and excess reactants respectively and φ is the
equivalence ratio. For a stoichiometric mixture the effective Lewis number is the average of the individual
Lewis numbers of the fuel and oxidizers; for an off- stoichiometric mixture the deficient component is more
heavily weighted to the extent that for sufficiently lean mixtures it is practically the Lewis number of the
fuel and for sufficiently rich mixtures it is the Lewis number of the oxidizer. In an experimental setting,
changes in L are accommodated by varying the fuel type and mixture composition, through variations in
σ and Leeff, or the system pressure via lf . An increase in pressure causes a decrease of the flame thickness
lf = Dth/SL, since SL ∼ P (n/2)−1 where n is the reaction order and with Dth = λ/ρcp, we have lf ∼ P−n/2.
From Eq. (2.8) we know that L ∼ lf and therefore a decrease in flame thickness leads to a decrease in
Markstein length.
The flow on either side of the flame is determined by solving the incompressible Navier - Stokes equations
∇ · v = 0 (2.11)
ρ
∂v
∂t
+ ρ(v · ∇)v = −∇p+ µ∇2v (2.12)
with different densities, ρ = ρu in the unburned and ρ = ρb in the burned gases respectively. In order to
maintain consistency with the hydrodynamic theory, the viscous terms are incorporated as a small O(δ)
correction [41, 76]. In principle, similar to density the gas viscosity takes different values on either side of
the flame sheet, but for simplicity it is assumed constant over the entire domain. Conservation of mass and
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momentum across the flame sheet is enforced through the Rankine Hugoniot (RH) relations
[[ρ(v · n− Vf )]] = 0 (2.13)
[[n× (v × n)]] = 0 (2.14)
[[p+ ρ(v · n)(v · n− Vf )]] = 0 (2.15)
where the bracket operator [[ζ]] defines the jump in the quantity ζ across the sheet given as ζψ=0+ − ζψ=0− .
In the most general formulation [76] the RH relations possess O(δ) corrections describing the influences of
diffusive processes occurring inside the flame zone. In the current study, we use the RH relations without
the O(δ) corrections.
2.1.1 The hydrodynamic model
Therefore in the limit δ  1, the entire problem described by Eqs. (2.1)-(2.4), simplifies to a hydrodynamic
free-boundary problem. On either side of the flame sheet, given by ψ(x, t) = 0, the incompressible Navier-
Stokes equations are solved, but with different densitites,
∇ · v = 0
ρ
∂v
∂t
+ ρ(v · ∇)v = −∇p+ µ∇2v
ρ =

ρu, ψ < 0
ρb, ψ > 0.
The jump conditions that are satisfied across the flame, correct to leading order, are given as
[[ρ(v · n− Vf )]] = 0
[[n× (v × n)]] = 0
[[p+ ρ(v · n)(v · n− Vf )]] = 0.
The motion of the flame is governed by the flame speed Sf ≡ v∗ · n− Vf , the expression for which is given
by
Sf = SL −L K
with the Markstein length L given by Eq. (2.8) and the flame stretch K = SLκ + Ks evaluated on the
unburned side of the flame (ψ = 0−). This formulation can be used for examining the propagation of a thin
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flame (lf  L), in a general flow field, be it laminar or turbulent, by appropriately choosing the boundary
conditions.
2.2 Numerical Implementation
In the current study, numerical implementation of the hydrodynamic model in two dimensions is carried
through the hybrid Navier-Stokes/interface tracking scheme developed and implemented in [77–79]. In this
scheme the influence of the flame on the flow, exhibited through Eq. (2.13), is incorporated via singular
sources introduced in the governing equations. A continuum method is adopted, where the singular sources
and discontinuities in the dependent variables are appropriately smoothened over few computational grid
cells. The piecewise continuous density is smoothened via a tanh-like function given by
ρ(ψ) = ρu +
1
2
(ρu − ρb)
[
1 + tanh
ψ
h
]
(2.16)
where h is the grid spacing. Such smoothening allows integration of the governing equations across the entire
domain. Next, a source term that mimics the effect of the jump relation given by Eq. (2.13) needs to be
included in the governing equations. In order to do, we start with the mass conservation equation given by
Eq. (2.1)
∇ · v = −1
ρ
Dρ
Dt
.
The density ρ only varies across the flame in a direction normal to it, taking the values ρu, ρb in the unburned
and burned sides respectively, and a constant value of (ρu + ρb)/2 along the flame surface. This simplifies
the dilatation term in the mass conservation equation as follows. In a frame attached to the flame front,
with n as the coordinate normal to the flame and τ along the flame,
−1
ρ
Dρ
Dt
=
1
ρ
(
∂ρ
∂t
+ v · ∇ρ
)
=
1
ρ
(
∂ρ
∂t
+
∂τ
∂t
∂ρ
∂τ
− Vf ∂ρ
∂n
+ v · n ∂ρ
∂n
+ v · τ ∂ρ
∂τ
)
.
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The terms containing the derivative of ρ with respect to τ drop out, since density is taken to be constant
along the flame, leading to
−1
ρ
Dρ
Dt
=
1
ρ
(−Vf + v · n) ∂ρ
∂n
= −ρ(v · n− Vf ) ∂
∂n
(
1
ρ
)
= −m˙ ∂
∂n
(
1
ρ
)
where m˙ is the mass flux across the flame sheet. According to Eq. (2.13) this quantity is continuous across
the sheet and can therefore be taken equal to its unburned value m˙ = ρuSf , leading to
∇ · v = ρuSf ∂
∂n
(
1
ρ
)
. (2.17)
Therefore, in order to ensure mass conservation across the interface, the continuity equation Eq. (2.11) needs
to be supplemented with a source term of the form given by Eq. (2.17). This relation, when integrated across
the flame in the limit δ → 0 reduces to the RH jump given by Eq. (2.13), as it should. The momentum
equation Eq. (2.12) and modified continuity equation Eq. (2.17) are integrated over the entire computational
domain with spanwise periodic and streamwise inflow-outflow boundary conditions, using a parallel low Mach
number variable density solver developed at the Lawrence Berkeley National Laboratory [80]. This solver
uses a fractional step approach for time integration, second order upwind Godunov methodology for the
advection step, Crank - Nicholson discretization of the viscous terms and an approximate variable density
second order projection technique to enforce the divergence constraint.
The flame speed relation given by Eq. (2.7) can be recast to obtain a level-set equation of the form
ψt + v
∗ · ∇ψ = Sf |∇ψ| (2.18)
which is used to track the evolution of the flame interface ψ(x, t) = 0. Substituting the expression for flame
speed Sf in Eq. (2.18) we obtain
ψt + v
∗ · ∇ψ = (SL −L∇τ · vτ )|∇ψ| −L (SL − vn)κ|∇ψ|. (2.19)
A local level-set method developed by Peng et al. [81] is used to integrate Eq. (2.19). This method integrates
the level-set equation in a narrow band around the zero level, which is the primary region of interest, leading
to significant reduction in the computational effort. A fifth order HJ WENO scheme [82] is used to discretize
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the advection terms (second term on the LHS), a Godunov scheme [83] for the first term on the RHS
describing motion normal to the flame, second order central differencing for the diffusive term (second term
on the RHS) and a second order TVD Runge-Kutta scheme [84] is used for time integration.
The advective velocity v∗, required for the integration of Eq. (2.18), needs to be evaluated on the
Lagrangian mesh points of the flame surface, which typically do not coincide with points on the Cartesian
mesh of the calculated flow field. Information is transferred from the Cartesian mesh to the Lagrangian mesh
via an interpolation technique based on Peskin’s immersed boundary method [85]. As mentioned earlier,
the mass flux across the flame m˙ = ρ(v · n − Vf ) is continuous. Multiplying by a multidimensional delta
function δ(x− xf ), where x = xf represents the flame sheet, and integrating in space yields
∫
ρ(v · n− Vf ) δ(x− xf )dx =
∫
m˙ δ(x− xf )dx.
The quantities Vf and m˙ are continuous across the flame and based on the functional form assumed for ρ,
its value at the flame is (ρu + ρb)/2. This leads to,
∫
ρ(v · n)δ(x− xf )dx = 1
2
(ρu + ρb)Vf + m˙ =
1
2
(ρu + ρb)(v
∗ · n− Sf ) + ρuSf
where the flame speed definition Sf = v
∗ · n−Vf and the value of the mass flux m˙ = ρuSf have been utilized.
Rearranging the above equation provides an expression for the normal component of the gas velocity at the
flame front as
v∗ · n = 2
ρu + ρb
∫
ρ(v · n) δ(x− xf ) dx + ρb − ρu
ρb + ρu
Sf . (2.20)
From the jump relation given by Eq. (2.14), we know that the tangential components of gas velocity at the
flame do not suffer a jump and may therefore be written as
v∗ × n =
∫
(v × n) δ(x− xf ) dx. (2.21)
Upon simultaneously solving Eqs. (2.20) and (2.21) we obtain the gas velocity at the flame v∗ ≡ (u∗, v∗). In
evaluating the above equations, Peskin’s interpolation function [85] D(x) was used as the discretized version
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Figure 2.1: The cartesian grid (in green) of width 2h used to transfer information on the Lagrangian point
P on the interface ψ(x, t) = 0 via Peskin’s interpolation. Also indicated are points (xi, yj1) and (xi, yj2)
used to obtain the point on the interface (xi, yzero) on the interface via bisection.
of the delta function. In two dimensions it is given as
D(x) = d(x)d(y) (2.22)
d(x) =

1
2h
[
1 + cos
(pix
h
)]
|x| < h
0 |x| > h
(2.23)
where  is an integer and 2h is the width of the discretized delta function in terms of the grid spacing h.
Figure 2.1 shows an example of a cartesian grid of width 2h with  = 1 which will be used to transfer
information onto the Lagrangian point P via the technique described above. The integrals in Eqs. (2.20)
and (2.21) are numerically approximated as
∫
ρ(v · n) δ(x− xf ) dx ≈
∑
i,j
ρi,j(v · n)i,jd(xi − xf )d(yi − yf )h2 (2.24)∫
(v × n) δ(x− xf ) dx ≈
∑
i,j
(v × n)i,jd(xi − xf )d(yi − yf )h2 (2.25)
with the summation being performed over the points marked in green and (xf , yf ) representing the point on
the flame P .
In order to compute v∗, one needs to identify the Lagrangian mesh points associated with the flame or
ψ(x, t) = 0. As long as the flame can be mathematically represented a single valued interface (ψ(x, t) =
y−f(x, t) = 0), a simple bisection algorithm can be utilized to identify the points associated with ψ(x, t) = 0.
The steps of the algorithm are decribed below.
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Bisection: The aim here is to find for each xi ∈ [0, L] on the Cartesian grid, a corresponding yzero that lies
on ψ(x, t) = 0.
• Given ψ(x, y), choose the a pair of points (xi, yj1) and (xi, yj2) such that ψ(xi, yj1) and ψ(xi, yj2) are
of opposing signs. Set h, the grid size, as the tolerance level and choose N , the maximum number of
bisections. Define a counter, say c, to keep track of the number of bisections performed.
• for c < N + 1
if(|yj2 − yj1 | < h) then
yzero =
ψ(xi, yj1) yj2 + ψ(xi, yj2) yj1
ψ(xi, yj1) + ψ(xi, yj2)
and exit loop
Compute ymid = yj1 +
yj2 − yj1
2
.
if(ψ(xi, yj1) = 0 or ψ(xi, ymid) = 0 or ψ(xi, yj2) = 0) then
Assign yzero = yj1 or ymid or yj2 respectively and exit loop
if(ψ(xi, yj1)× ψ(xi, ymid) < 0) then assign yj2 = ymid
else (ψ(xi, yj2)× ψ(xi, ymid) < 0) then assign yj1 = ymid
Such a single valued representation is typically valid for scenarios where the flame is not expected to fold
on itself, such as flames propagating in laminar flows or in low intensity turbulent flows. Once the flame
acquires a folded/multivalued configuration, as in the case of flames in the corrugated flamelets regime of
turbulent combustion (Fig. 1.1), a bisection algorithm can no longer be used. For such cases, a reconstruction
process suggested by Hou et al. [86] is used to obtain the Lagrangian mesh points on the flame. This
reconstruction process provides the points on the zero level, but not necessarily in any order. Since the
expression for hydrodynamic strain KS involves the evaluation of the term ∇τ ·vτ , we need a method which
numerically parametrizes the interface. In addition to handling multivalued interfaces, it should be able to
parametrize even disjoint interfaces, which occur for example when pockets break off from the flame. A
reordering algorithm, inspired by the algorithm of Yoo et al. [87], was developed for this purpose. The
details of the reconstruction and reordering algorithm are discussed next.
Reconstruction of zero level: An illustration of the Eulerian grid used for computation and the La-
grangian points on the zero level are shown in Fig. 2.2. The reconstruction process (Fig. 2.2(a)) involves
the following steps
1. Locate an irregular grid point, Xp, on the level set function ψ. An irregular point, say (i,j), is a point
where ψi,j < 0 and any one of ψi+1,j , ψi−1,j , ψi,j+1, ψi,j−1 > 0.
2. Find the direction of steepest ascent (normal at that point), n = ∇ψ/|∇ψ|.
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Figure 2.2: The cartesian grid along with the zero level curve (ψ = 0). Points on the zero level are shown in
red. (a) Irregular grid points used for the reconstruction process are shown in green. Also shown in dashed
line is the normal from Xp to X
∗ . (b) A sample projection point Xp, associated with the zero point X∗, is
shown in green and its neighbors are shown in yellow.
3. Get the projection from Xp on the zero level in the direction of the normal and locate X
∗ as X∗ =
Xp + αn.
4. The value of α is obtained as the solution of the quadratic equation
ψ(Xp) + |∇ψ|α+ 1
2
(nTHe(ψ)n)α2 = ψ(X∗) = 0 (2.26)
where
He(ψ) =
 ψxx ψxy
ψyx ψyy
 .
This equation is the multivariable Taylor’s series expansion for ψ(X∗), truncated to two terms.
Reordering of the points on the zero level: In the description of the reordering algorithm that follows,
points on the zero level, X∗ in Fig. 2.2(b), shall be referred to as zero points and the corresponding grid
points from which the projection is made, Xp, as projection points.
1. Given a zero point X∗, it has a unique projection point, Xp, since each grid point is visited only once
during the reconstruction process. Once a zero point is known, the next zero point along the zero level
will have a projection point corresponding to one of the eight neighbors of Xp (marked with yellow
circles in Fig. 2.2(b)). Out of the eight yellow circles, only P and Q are next possible projection points,
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Figure 2.3: (a) Plot of the zero contour of the level set function ψ(x, t) using VisIt, a post-processing
software (b) Reconstructed and reordered zero contour using the algorithm described.
since two points are on the wrong side of the zero level and the others don’t have any points on the
zero level associated with them.
2. Next we need to fix a direction of movement along the curve and ignore points which are in the opposite
direction. Say we decide to move in a counter-clockwise direction such that ψ < 0 is always on the
interior. In that case, P would be the next valid projection point. We decide this by looking at the
following cross products - XpX∗×XpP and XpX∗×XpQ. Only one of them will be positive and that
will be our next valid projection point, from which we can find the next zero point.
3. In case there are multiple projection points with the right sign of the above mentioned cross product,
we use the distance from the current zero point as the elimination criteria and select the point with
the minimum distance.
Sometimes a valid projection point cannot be found in the eight neighbors. In such cases we widen our
search to i± 2, j ± 2 and look for a valid projection point. This algorithm has been tested for complicated
interface shapes and was found to work well. In areas of very sharp curvature, this algorithm tends to skip
a few points, but that does not affect the purpose for which this algorithm is devised. Figure 2.3 shows
two snapshots of flame profiles, represented by the zero contour of the level set function ψ(x, t), obtained
during simulations. The snapshots illustrate a folded, multivalued as well as a disjointed profile. Figure
2.3(a) shows the plot of ψ(x, t) = 0 obtained using the contour plotting function in VisIt, a post-processing
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Figure 2.4: Comparison between the solution of the Michelson-Sivashinsky equation and the hybrid method-
ology. The parameters chosen are σ = 1.1 and L /L = 0.00125.
software and Fig. 2.3(b) shows the reconstructed and reordered profiles using the algorithm described above.
An excellent agreement between the two is indicative of the accuracy and effectiveness of the algorithm.
The accuracy of this hybrid numerical scheme has been established in numerous past publications. In [77,
78] the scheme successfully reproduced known analytical results for simple laminar flame configurations,
such as a flat flame and a Bunsen burner flame in uniform and Poiseuille flows, with sufficient numerical
accuracy. Also reproduced were the propagation speeds and cusp-like flame shapes of hydrodynamically
unstable flames, known analytically for weak thermal expansion (σ − 1 1) via the Michelson-Sivashinsky
equation [88, 89]. Figure 2.4 shows a comparison between the flame shape obtained via the hybrid scheme,
for σ = 1.1 and L /L = 0.00125, and the analytical pole solution of the Michelson-Sivashinsky equation.
In [79] the bifurcation characteristics of premixed laminar flames, known in closed form from the analytical
dispersion relations, were reproduced with and without the contribution of strain with excellent accuracy.
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Chapter 3
Corrugated flames in laminar flow
The flame shape, structure and propagation speed of laminar premixed flames is strongly influenced by
intrinsic flame instabilities. The two primary intrinsic flame instabilities are – (i) the hydrodynamic or
Darrieus-Landau (DL) instability, arising from gas expansion across the flame that produces a continuous
flow of burnt gas directed away from the flame, and for the typically curved premixed flames encountered
in applications it induces velocities in the fresh mixture which inevitably affect the propagation of the flame
itself (ii) the thermodiffusive instability arising due to disparity between the diffusive mass fluxes towards
the flame and the heat fluxes away from the flame, characterized by the value of the effective Lewis number
of the mixture Leeff (given by Eq. (2.10)). There exists a critical value of the effective Lewis number Le
∗
eff,
which depends upon the mixture composition, below which thermodiffusive effects act to further destabilize
the flame by enhancing (reducing) reactivity along flame segments convex (concave) to the unburned side
and above which the thermodiffusive effects act to stabilize the effects of the hydrodynamic instability via
the opposite mechanism [6, 90]. The combined effects of these instabilities have been examined via rigorous
asymptotic treatments within the context of the hydrodynamic flame model. Results from linear stability
analyses [41, 74–76] have provided conditions for the onset of these instabilities, together with the critical
effective Lewis number Le∗eff. Detailed numerical simulations with either single-step chemistry [72, 91, 92]
or detailed chemistry and transport [93] have also been used to examine the initial response of premixed
laminar flames to small perturbations.
Beyond the onset of the instability, investigation of flame behavior must be carried out via a nonlinear
analysis examining the long-time response of the flame to finite amplitude disturbances. One way of doing
so is by performing detailed numerical simulations using the complete reactive Navier-Stokes equations. As
discussed earlier, such an analysis is a computationally expensive task and therefore one often resorts to
simplified techniques. Under the assumption of negligible thermal expansion, i.e. σ − 1  1, the fluid-
dynamical equations can be solved analytically on either side of the flame. The resulting velocity field,
together with the flame speed relation results in a single integro-differential equation, known as the Michelson-
Sivashinsky (MS) equation [88, 89], that governs the motion of the flame. This equation describes the
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evolution of hydrodynamically unstable flames (Leeff > Le
∗
eff) from the initial development of small cells that
grow in accord with linear theory, their merging into bigger cells, to the final development of a single cusp-like
conformation pointing towards the burned gas. Such flame shapes have also been observed experimentally in
Bunsen flames, V-flames and spherically expanding flames [67, 94–97]. One of the first attempts to examine
the nonlinear development of hydrodynamically unstable flames for realistic thermal expansion, σ−1 ∼ O(1),
was by Rastigejev and Matalon [77, 78] using the hybrid numerical methodology described earlier. For the
sake of simplicity, they ignored the contribution of strain in the flame speed relation (2.7), and considered
the effects of curvature only. The effects of strain were later accounted for in the study by Creta and Matalon
[79]. The Darrieus-Landau instability and its nonlinear development are discussed next.
3.1 Darrieus-Landau or hydrodynamic instability
A linear stability analysis based on the full hydrodynamic model [76] results in a dispersion relation, correct
upto O(k2), given by
ω ∼ ω
DL
k − δ[B1 + β(Leeff − 1)B2 + Pr B3]k2 + . . . (3.1)
where ω is the growth rate of a disturbance and k is the wavenumber. The term ω
DL
= (
√
σ3 + σ2 − σ −
σ)/(σ+1) is the Darrieus-Landau growth rate. The coefficients B1, B2 and B3 represent influences of thermal
conduction, mass diffusion and viscous dissipation respectively. They are all positive and functions of the
thermal expansion coefficient σ and transport properties (explicit expressions are provided in [76]). The first
term in the dispersion relation is representative of the ever present hydrodynamic instability mechanism.
The second term acts to either stabilize or destabilize the flame depending on whether it is positive or
negative respectively. The value of Le∗eff for a given mixture can be obtained by setting the right hand side
of Eq. 3.1 to zero. Figure 3.1 plots the dispersion relation given by Eq. (3.1) for effective Lewis numbers
above and below criticality, together with the Darrieus-Landau growth rate given by ω
DL
k. For Leeff > Le
∗
eff,
ω(k) is parabolic indicating suppression of the Darrieus-Landau mechanism at shorter wavelengths, while
for Leeff < Le
∗
eff the dispersion relation predicts unconditionally unstable flames. Additional terms in the
expansion, providing stabilization at smaller wavelengths (observed in numerical simulations), are required
in Eq. 3.1 in order to obtain an acceptable approximation for the case when thermodiffusive instability is
active (Leeff < Le
∗
eff).
Performing a similar analysis using the simplified model presented in section 2.1.1 yields a closed form
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Figure 3.1: Growth rate of disturbance ω, given by Eq. (3.1), plotted as a function of wavenumber k for
Leeff > Le
∗
eff and Leeff < Le
∗
eff. Also plotted for comparison is the Darrieus-Landau growth rate ωDLk.
dispersion relation given by
[σ + 1 + kL (σ − 1)]ω2 + 2(1 + kL σ)σkω − [σ − 1− kL (3σ − 1)]σk2 = 0. (3.2)
Expanding the above in powers of k we get,
ω = ω
DL
k −A(L −Lc)k2 + · · · (3.3)
A =
σ(σ + ω
DL
)
(σ + (σ + 1)ω
DL
)
(1 + ω
DL
) (3.4)
where Lc = 0 is the critical value separating the stabilizing (L > Lc) and destabilizing (L < Lc) ther-
modiffusive effects for the simplified model considered here. For constant transport properties (independent
of temperature), Eq. (3.1) yields an expression identical to Eq. (3.3) but with
Lc = lf
{
σ lnσ
σ − 1 −
σ
2
(σ + 1 + 2ω
DL
)σ lnσσ−1 + σ − 1
σ(1 + ω
DL
)(σ + ω
DL
)
}
. (3.5)
This indicates that theO(δ) transverse convection terms appearing in the full hydrodynamic model, neglected
in the simplified model, will only affect the determination of Lc. From Eq. (3.2) an expression for a critical
disturbance wavelength λc can be obtained as
λc =
2pi(3σ − 1)L
(σ − 1) (3.6)
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Figure 3.2: Constitutive terms of propagation speed U.
by setting ω = 0 and solving for kc(= 2pi/λc). Only disturbances of wavelength greater than λc are amplified
by the instability mechanism. Equivalently, flames propagating in domains of lateral size lesser than the
critical wavelength (L < λc) remain planar and in domains greater than the critical wavelength (L > λc)
are acted upon by the instability.
The hydrodynamic model, summarized in section 2.1.1, can be used to examine the nonlinear development
and long time behavior of a premixed laminar flame acted upon by the hydrodynamic instability, as done
in [77–79]. A periodic flame segment is perturbed and allowed to propagate into a quiescent flow. Instead
of varying the lateral domain size L to trigger the instability, the parameter M = L /L is chosen such that
M <Mc ≡ (σ − 1)/2pi(3σ − 1). Figure 3.3(a) shows consecutive snapshots of the flame profile illustrating
propagation of perturbed flame segment for σ = 5 and M = 0.027(<Mc = 0.0454). The flame acquires a
corrugated cusp-like shape and after an initial transient, starts to propagate at a steady speed U , greater
than the laminar flame speed SL without further changes in shape. At steady state, the flame profile can be
represented as y = −Ut+ f(x). Substituting it in the flame speed relation, we obtain an expression for the
speed as
U = SL(1 + f
2
x)
1/2 −LK(1 + f2x)1/2 + (v∗ − u∗fx). (3.7)
Though each of the terms on the right hand side of Eq. (3.7) vary at every point along the flame surface,
their sum remains constant at steady state. The contributions to the constant propagation speed U are
due to (i) area variations (first term on right-hand side), (ii) strain rate and curvature effects, through their
influence on the flame speed Sf (second term), and (iii) induced flow as a result of thermal expan- sion (last
two terms). These three contributions are displayed in Fig. 3.2 for the representative choice M = 0.0375
with σ = 4 and, as seen, sum up to U ≈ 1.09. This speed U was found to be a function of the scaled
Markstein length L /L and the thermal expansion coefficient σ. It is plotted in Fig. 3.3(b) with respect to
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Figure 3.3: (a) Development of a hydrodynamically unstable flame (σ = 5 andL /L = 0.027) (b) Propagation
speed U of hydrodynamically unstable flames, as a function of γ = (σ − 1)L/L .
the parameter γ = (σ − 1)L/L for different values of σ.
3.2 Comparison with Direct Numerical Simulation
In a recent collaborative study with Dr. Christos E. Frouzakis from ETH Zurich, propagation of premixed
laminar H2 - air flames was examined via two-dimensional numerical simulations with detailed chemistry
and transport and via the hybrid numerical scheme based on the hydrodynamic flame model [98]. The aim
of this study was to identify the range of dominance, in terms of the equivalence ratio and the domain
size, of the hydrodynamic instability, examine flame shapes that evolve at long times and their propagation
speeds. Another aim of the study was to perform a quantitative comparison between numerical simulations
performed with detailed chemistry and transport and the results obtained via the current hybrid scheme
where the effects of transport and chemistry are contained in the Markstein length. Various H2 - air mixtures
at atmospheric conditions (temperature Tu = 300 K and pressure p = 1 atm), extending from rich φ = 2.0 to
lean φ = 0.5 conditions (where φ is the equivalence ratio), were considered. Close to the rich end (φ = 2.0),
the effective Lewis number was well above criticality, ensuring that the flame was acted upon only by the
hydrodynamic instability. As the mixture was leaned, the effective Lewis number decreased. Towards the
lean end (φ ≤ 0.75), Leeff approached criticality and it was anticipated that the thermo-diffusive instability
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φ Tb (K) SL (cm/s) lf (cm) δT (cm) σ β Leeff α
0.50 1644.30 52.40 0.0065240 0.04323 5.00 7.97 0.529 0.903
0.75 2100.24 155.95 0.0025248 0.03531 6.17 6.09 0.824 1.882
1.00 2386.50 236.20 0.0018685 0.03634 6.85 4.86 1.325 2.664
1.25 2349.60 284.97 0.0017030 0.03477 6.77 4.23 1.668 2.982
1.50 2246.06 307.42 0.0017120 0.03364 6.53 3.82 1.809 3.034
1.75 2146.00 315.61 0.0018220 0.03364 6.29 3.64 1.899 3.065
2.00 2054.07 302.27 0.0019860 0.03333 6.07 3.60 1.960 3.100
Table 3.1: Data used to compute the Markstein number (α) used in simulations with the hydrodynamic
flame model
would become active. Table 3.1 lists the various flame parameters for each value of φ. The thermal flame
thickness δT is based on the adiabatic flame temperature Tb and the maximum temperature gradient across
a planar flame, namely δT = (Tb − Tu)/(dT/dx)max. The latter was computed with PREMIX [99] using
the recent detailed mechanism of Burke et al. [100]. The laminar flame speed SL and activation energies
E needed for the calculation of the Zeldovich number were extracted from the global activation energies
reported in [101]. The above quantities together with the flame thickness lf = Dth/SL where Dth is the
thermal diffusivity of the mixture, were used to calculate the following non-dimensional parameters, namely
thermal expansion coefficient σ = Tb/Tu, Zeldovich number β (Eq. (2.9)), effective Lewis number Leeff
(Eq. (2.10)) and Markstein number α = L /lf (Eq. (2.8)). In order to calculate Leeff we require the limiting
values of Le, namely LeF in the lean and LeO in the rich limit. An estimate of these limiting Lewis numbers
was obtained using online transport properties and non-dimensional parameters calculators [102]. The Lewis
number was calculated as the ratio of thermal diffusivity of the mixture to the mass diffusivity of the deficient
species relative to the mixture, both evaluated at unburned conditions. The limiting values obtained were
LeF = 0.33 and LeO = 2.3, consistent with the values of Sun et al. [101]. The effective Lewis number
calculated using these limits is a monotonically increasing function of φ that tends asymptotically to LeF or
LeO in the lean/rich limits, respectively. In the detailed simulations the width of the propagation domain
was varied from L = 3δT to 100δT . In the current methodology an equivalent effect was achieved by varying
the parameter M = L /L. The value of Markstein length for each value of φ can be computed from table
3.1 via L = α lf .
The value of the critical domain size was extracted from the detailed simulations by calculating the
growth rates of disturbances of varying wavelengths and numerically constructing the dispersion relation. A
comparison between the numerically extracted value and the value from the hydrodynamic model, obtained
using Eq. (3.6), is provided in table 3.2. Only the values for φ > 1 are compared, since for φ < 1 the thermo-
diffusive effects become important which the hydrodynamic model cannot accommodate. Good agreement
was found between the two sets of values. Beyond the initial linear growth, the flame attained a corrugated
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φ = 1.0 φ = 1.25 φ = 1.5 φ = 1.75 φ = 2.0
DNS 3.05 3.49 4.08 4.52 4.87
Hydrodynamic model 2.88 3.07 3.28 3.53 3.94
Table 3.2: Comparison of the critical domain sizes, normalized by δT , obtained from detailed simulations
with those predicted by the linear stability analysis based on the hydrodynamic model.
ing, is by 50% larger than its value for   = 0.75 and three times
larger than th t of th   = 2.
3.2. Nonlinear evolution
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Figure 2: (a) Flame front at intervals of 8 (h = 5 domain, starting at t = 228)
and 2 time units (rest of the domains), (b) iHRR and flame length normalized
by the planar flame values for  =2.00.
Beyond the initial linear growth during which the k1 mode is
amplified first, nonlinear e↵ects become important and can no
longer be neglected. Other modes with growth rates higher than
that of the first appear along the propagating front. The e↵ect
of   and lateral domain size h on the long-term flame front evo-
lution is shown in Figs. 2-5 for selected values of these param-
eters. The changes in the flame structure are clearly reflected
in the temporal evolution of the integral of the heat release rate,
iHRR =   RV PNgi=1 !˙ihi dV shown in Figs. 2-5(b), where hi, !˙i
are the enthalpy and consumption rate of species i, and the in-
tegration is over the entire domain (of volume V).
Flame fronts represented by the T = 3 isotherm are shown
in Figs. 2-5(a). Figures 2-5(b) show the temporal evolution of
iHRR (solid line) and the flame front length (dashed line) nor-
malized by the corresponding values of the unstretched planar
front in each domain. Although in all cases iHRR is propor-
tional to the flame area, the ratio depends on the equivalence
ratio. Once the front becomes su ciently curved, the di↵u-
sion imbalance modifies the local reactivity along the flame. A
lower Lewis number results in stronger thermo-di↵usive e↵ects
on the curved flame, enhancing reactivity along convex flame
segments, so that for two flames with identical shape, the reac-
tivity of the low Le flame is higher. As a result, for lean mix-
tures the fractional area increase is smaller than iHRR (figs.5,
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Figure 3: (a) Flame front locations at intervals of 2 time units, (b) iHRR and
flame length normalized by the planar flame values for  =1.00.
4(b)). The opposite occurs for the rich mixture (fig.2(b)) un-
der the stabilizing e↵ect of the weakened reactivity along con-
vex flame segments. When Lee↵ ⇡ 1, the fractional increase of
flame area and iHRR are approximately equal (fig. 3(b)).
For fixed  , the time needed for the perceptible amplifica-
tion of the initial disturbance is determined by the linear growth
rate, as it can be clearly seen from the very long time needed
for the   = 2.0 flame in the h = 5 domain (fig. 2(b)). The
time required for appreciable growth reaches a minimum for
the domain height corresponding to the wavelength of the most
amplified disturbance.
The number of cells that form initially along the front is dic-
tated by the multiple of the wavelength with close to maximum
amplification rate that can be accommodated in the domain.
In wide domains, a large number of cells form, but pairs of
cells quickly annihilate each other resulting in the formation
of a single-cusp structure, in agreement with the predictions of
the hydrodynamic theory. As the domain size increases, the
cusp becomes deeper, and the decreased curvature near the lat-
eral boundaries makes the flame along the sides susceptible to
growing perturbations leading to cell formation.
For 1.0     2.0, the subsequent flame propagation is
clearly characterized by the steady propagation of a single-cusp
structure in the narrow domains with constant iHRR, or by long
intervals of an apparently steady single-cusp structure propa-
gating with almost constant velocity, in the wider domains. In
the latter, the steady propagation is interrupted by short inter-
vals, whereby smaller cells form, propagate along the front and
are annihilated at the cusp. These transient events are clearly re-
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Figure 3.4: Snapshots of flame profiles at consecutive time instants, for φ = 2.0 and L/δT = 5, 10, 20, 40.
cusp-like shape, similar to the shapes shown in Fig. 3.3(a), which propagated at a constant speed. Some of
these flame shapes obtained from the detailed simulations, identified as a particular temperature isocontour,
are shown in Fig. 3.4 for φ = 2.0 for varying domain heights. The constant propagation speed of the steady
cusp-like structures was obtained by tracking in time the location of the highest point on the highly curved
crest. Propagation speeds obtained by both methods, normalized with the laminar flame speed SL, are
plotted in Figure 3.5 for increasing values of domain sizes L normalized by thermal flame thickness δT .
For φ = 1 the results of the simulations are in perfect quantitative agreement with those obtained via the
hydrodynamic model, both in terms of the bifurcation point and the increase of the propagation speed. For
richer mixtures (φ > 1) the results gradually differ, with the model predicting an earlier onset and faster
propagating flames. However, in large enough domains, they appear to asymptote to the same value. For
φ = 0.75, the increase in U/SL is non-monotonic, but it still asymptotes to the value obtained via the
hydrodynamic model. Further leaning of the mixture (φ = 0.5) causes U to attain values that are 1.65
times the laminar flame speed. This is associated with the increase in flame surface area that results from
formation of small cellular structures on the flame, characteristic of the thermodiffusive instability. Results
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Figure 3.5: Comparison of the speed of steadily propagating flames (detailed simulations: dashed lines with
open symbols, hydrodynamic model: solid lines with solid symbols).
from detailed simulations [92] have indicated that for lean H2 mixtures, characterized by low values of Lewis
number, the Markstein number has a different sign for negative and positive curvatures, indicating that
the relation between Sf and curvature is non-monotonic. Such mixtures are therefore beyond the scope
of the current form of the hydrodynamic model. The good agreement of results for φ > 0.75 between the
detailed simulations and the current approach based on the hydrodynamic flame model indicates that global
properties, namely flame shape and propagation speed, can be captured by simplified kinetic descriptions,
such as the single step reaction considered here. Good quantitative agreement with the DNS results also
serves as an additional validation for the hybrid numerical scheme used to implement the hydrodynamic
flame model.
3.3 Summary
The key results from this chapter can be summarized as follows,
• Results from simulations of H2 – air flames in mixtures of varying equivalence ratio based on the
hydrodynamic flame model with single step chemistry and from simulations with detailed chemistry
and transport have shown that the hydrodynamic instability causes a planar flame propagating at
the laminar flame speed to bifurcate to a corrugated shape with wide troughs and a relatively sharp
cusp-like crest. This flame shape propagates as a whole at a constant speed greater than the laminar
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flame speed.
• For a given combustible mixture, the nature of these cusp-like shapes is primarily controlled by the
system’s domain size. Due to the Darrieus-Landau or hydrodynamic instability, as domain size is
increased, the flame propagation speeds of the H2 – air mixtures examined increase at first and then
asymptote to a value which is about 20 – 25% greater than the laminar flame speed.
• Good agreement is observed between the results, namely flame shapes and propagation speeds, obtained
by the hydrodynamic model and the detailed simulations for conditions when thermodiffusive effects
are stabilizing.
• For conditions where thermodiffusive effects further destabilize the flame together with the hydrody-
namic effects, propagation speeds reach values that are about 65% greater than the laminar flame
speed, as indicated by the DNS results. The hydrodynamic model, as it currently stands, cannot
capture this effect and predicts a speed increase of only about 17%.
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Chapter 4
Numerical methodology to study
turbulent flame propagation
Due to its inherent complexities, turbulent flame propagation has typically been investigated via numerical
simulations or experiments. Theoretically, after the seminal work of Damko¨hler [2], it was Shelkin [51]
extended his ideas and argued that as a result of the flame-vortex interaction, the wrinkled flame may be
viewed as an ensemble of cones with bases proportional to the square of the turbulence integral scale ` and
height proportional to v′c multiplied by the representative eddy turnover time `/SL. He then deduced the
relation
ST
SL
=
√
1 +
(
v′c
SL
)2
, (4.1)
which reduces to Damkohlers result for high-intensity turbulence (v′c  SL) as
ST
SL
=
v′c
SL
, (4.2)
and to the quadratic law
ST
SL
= 1 +
1
2
(
v′c
SL
)2
, (4.3)
for low intensity turbulence (v′c  SL). The works of Damko¨hler and Shelkin however were based on geo-
metrical and scaling arguments. Significant advancements to turbulent flame theory were made by rigorous
examination of the problem via perturbative techniques within the context of the hydrodynamic theory. The
advantage of such analyses is that they are free of closure/modeling assumptions which are typically used
to make calculations on turbulent flames more tractable. Some of the seminal works in this direction were
those of Clavin & Williams [52], Searby & Clavin [103] and Aldredge & Williams [104] which examined the
effects of low intensity, large scale turbulence on a premixed flame. In all these studies, the focus was on
the interaction of a premixed flame with upstream velocity fluctuations and therefore, the effects of intrinsic
flame instabilities were suppressed either by assuming unity Lewis numbers and neglecting thermal expan-
sion across the flame [52] or by the stabilizing effects of diffusion and gravity/buoyancy [103, 104]. Clavin &
Williams showed that the increase in turbulent flame speed was proportional to the square of the intensity
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of turbulence. An expression for the turbulent flame speed was obtained as
ST ∼ SL
(
1 +
1
2
|∇f |2
)
, (4.4)
where x = f(y, z, t) is the flame surface, indicating that the increase in speed over the laminar flame speed was
proportional to the increase in flame area. In their analysis, to leading order, effects of tranverse gradients
were neglected and the flame sheet was simply advected by the local steamwise velocity fluctuations v′,
so that ∂f/∂t ∼ v′. Enforcing isotropy for the turbulence and a Taylor hypothesis for the fluctuating
longitudinal displacement, they concluded that
ST
SL
= 1 +
(
v′c
SL
)2
(4.5)
differing from Shelkin’s heuristic result by a factor of 1/2. Searby & Clavin used the same formulation as in
[75] and allowed for thermal expansion. They obtained an expression for the turbulent flame speed similar
to the one given by Eq. (4.4). In addition, it was shown that apart from gas expansion, the response of
a flame to an incoming flow is governed by the flame velocity, the local behavior of the flame front and
the characteristics of the incoming flow. Aldredge & Williams adopted the formulations in [52, 103], but
with the relative turbulence intensity, defined as the ratio of a root-mean-squared velocity fluctuation to the
laminar flame speed, included as an additional parameter. They analyzed the modifications introduced by
a flame in the turbulence properties of the flow and one of their key findings was that the flame induced
anisotropy in an initially isotropic turbulent flow field. The quadratic dependence of the turbulent flame
speed on turbulence intensity was recovered, and the influences of turbulence scale on flame propagation
were also highlighted.
4.1 Modifications to hybrid methodology
In the current study we extend the perturbative analyses discussed above within the context of the hydrody-
namic model, but without any of the restrictions the analyses were forced to adapt in order to facilitate an
analytical solution of the highly coupled nonlinear problem. We utilize the model described in section 2.1.1
which retains the effects of thermal expansion across the flame, with the thermal expansion coefficient σ
taking on realistic values, and allows for O(1) flame displacements and velocity fluctuations. In order to
simulate turbulent flame propagation, a pre-generated realization of homogeneous, isotropic turbulence char-
acterized by an intensity v′c, measured as the r.m.s of the velocity fluctuations and an integral length scale
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` is swept in at the inflow boundary. In order to obtain results at statistical steady state, we maintained
the mean flame position and the turbulence intensity at the flame at user specified values via a closed-loop
control system. Details about the generation of the turbulence realization and the closed loop control system
are described below.
4.1.1 Turbulence realization at inflow
At the inflow, a pre-generated two-dimensional realization of incompressible, homogeneous, isotropic turbu-
lence is swept in at a speed vin, equal to the uniform mean inflow velocity. To generate this realization, a
Gaussian ensemble is first generated by passing a uniform deviate x through the following function
y(x) = µ+
√
2σ2 erf−1(−1 + 2x) (4.6)
yielding Gaussian deviates y with mean µ and variance σ2, chosen to be 1 and 0 respectively. A sample of
uniform deviates, the transformation function and the resulting Gaussian deviates are shown in Figs. 4.1(a),
4.1(b) and 4.1(c) respectively. These Gaussian deviates are filtered in Fourier space through an isotropic
energy spectrum [105] of the form given by
E(k) = Ak4 exp(−Bk2) (4.7)
where k is the wavenumber. The filtering process involves transforming the Gaussian deviates into Fourier
space and multiplying each Fourier coefficient corresponding to the wavenumber k by the function E(k).
The constant A determines the turbulence intensity, v′c = (u′iu
′
i)
1/2 (where u′i is the fluctuation), in units
of SL and its value is iterated upon until the desired intensity is obtained. The constant B determines the
integral length scale of turbulence `, in units of L, via
` =
∫ ∞
0
k−1E(k)dk∫ ∞
0
E(k)dk
=
4
3
√
B
pi
(4.8)
This filtered realization is evolved in time through the unmodified Navier-Stokes equations (Eqs. (2.11) and
(2.12)) with ρ = ρu. This is done to ensure that the turbulence realization represents an actual turbulent
flow-field that satisfies the flow equations. The turbulence is generated in a periodic domain of longitudinal
length equal to 64 times the transverse length L in order to allow for satisfactory statistical characterization.
Care must be taken that we evolve the realization for enough time such that the divergence constraint given
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Figure 4.1: (a) Distribution of uniform deviates x ∈ [0, 1] (b) Transformation function y(x) (c) Distribution
of Gaussian deviates with mean = 1.0 and variance = 0.0.
by Eq. (2.11) is satisfied, but not so much that the turbulent eddies are dissipated by viscous effects. We
perform this process until the Eulerian time autocorrelation function, given by
Ruu(t) =
u′(τ)u′(t+ τ)
u′2(τ)
(4.9)
reaches a particular value. By repeated numerical testing, a value ofRuu(t) = 0.5 was found to be satisfactory.
Samples of turbulence realizations generated by this procedure are shown in Fig. 4.2, together with the
Eulerian time autocorrelation Ruu(t). The shape of the autocorrelation function is consistent with that
obtained via theory [106] and as expected, larger the integral scale, larger is the integral of Ruu(t), which
provides a measure of `.
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Figure 4.2: Sample of the pre-generated turbulence realization for two values of the turbulence integral
length scale ` = 0.1, 0.4. Also shown is a plot of the Eulerian time autocorrelation Ruu(t) for different values
of `.
4.1.2 Control system
While examining the effect of parameters like the turbulence intensity, integral length scale, thermal expan-
sion etc. on turbulent flame propagation, especially on the turbulent flame speed, it is essential that the
system reaches statistical steady state. To this end we employ a PID-like (proportional-integral-derivative)
closed loop control strategy which maintains the mean flame position and turbulence intensity close to the
flame at user specified values. In order to keep the flame at a fixed location yo on the average, the inflow
velocity vin is varied proportional to the difference between the mean position of the flame front 〈f(x)〉 and
yo, e(t) = 〈f(x)〉− yo and proportional to the time derivative of the difference e˙(t) = de/dt via the following
equation: dvin/dt = −Kp e(t)−Kd e˙(t). In both flame representations, namely single-valued and generalized,
the flame is represented by a set of coordinate pairs (x, y) ordered in increasing x and increasing arc length
respectively. The mean flame location 〈f(x)〉 is obtained as an average of the y-coordinates of the points on
the flame. The constants Kp and Kd are appropriately tuned such that mean flame position is consistently
maintained at the target value. A concurrent control system is applied on the inflow turbulence intensity v′in
so as to maintain the mean intensity close to the flame at a specified value. Figure 4.3 shows the effects of
the control system acting on the flame position and the turbulence intensity at the flame. Fig. 4.3(a) shows
the mean flame position 〈f(x)〉 being maintained at a user specified value of 0.5 by modulating the inflow
velocity vin. Similarly, Fig. 4.3(b) shows the mean turbulence intensity at the flame v
′
c being maintained at
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Figure 4.3: Closed loop control of the flame position and turbulence intensity at the flame. (a) Control of
spatial average of instantaneous flame position 〈f〉 via variations in mean inflow velocity vin/SL. (b) Control
of spatial average of intensity at the flame v′c/SL (target average value of 0.4) via variations in mean inflow
intensity v′in/SL. Parameters chosen are σ = 3, M = 0.011, `/L = 0.1.
a value of 0.4 by modulating the mean inflow intensity v′in. Such a flow control system ensuring statistical
steady state is a unique feature of the current hybrid methodology, unlike full fledged DNS studies where
the turbulence intensity continuously changes during the course of the simulation. For example, in the two
dimensional DNS study by Chen and Im [107] it is stated that - “Over the course of the simulations, the
turbulence intensity decays by approximately 10%”. There have been some DNS studies where a similar
control system for flame position is employed [16] or energy is constantly pumped into the system in order
to maintain mean turbulence intensity [11].
4.2 Scope of the current methodology to examine turbulent
flame propagation
Inherent in the hydrodynamic model is the assumption that the thickness of the flame is vanishingly smaller
than any turbulence scale, down to the smallest Kolmogorov scale. Thus the flame-turbulence interaction is
exclusively advective/kinematic, with the flame retaining its laminar internal structure, and will be brought
about solely by the energy-containing integral scales of turbulence with smaller scales playing no role in such
interaction. In contrast with direct numerical simulation, the numerical implementation of the hydrodynamic
model should therefore operate at resolutions capable of efficiently capturing only such integral scales, while
smaller scales can safely go under-resolved. The calculations presented in chapter 5 were carried out in a
computational domain of dimension [0, 1] × [0, 1] in units of L and the flame position was maintained at
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L /L v′c/SL ST /SL (64× 256) ST /SL (128× 512) % diff
0.018 0.5 1.3958 1.3713 1.76%
0.7 1.4947 1.5508 3.76%
0.8 1.5306 1.5805 3.26%
1.4 1.8273 1.8422 0.82%
Table 4.1: Effect of varying the numerical resolution on turbulent flame speed data. The thermal expansion
coefficient is taken as σ = 5 and turbulence integral length scale as `/L = 0.1.
y = 0.5 on the average. For cases with high turbulence intensities, presented in chapter 6, where the flame
was expected to attain folded conformations with pockets of unburned gases detaching from its surface, a
domain of dimension [0, 1]× [0, 4] with the mean flame location at y = 1.0 was used, so as to accommodate
the flame fluctuations. Resolutions of 128 to as low as 64 points per unit length were used. At a resolution of
128 points per unit length variations in the value of turbulent flame speed were less than 4% of the value at
lower resolution, as shown in Table 4.1. The lower resolutions were typically used for expediency, noting that
over resolving integral length scales, which are the only scales energetic enough to advect and distort the
flame, has no significant effects on the results. The smallest integral scale examined was resolved at all times
with at least 12 grid points whereas the numerical flame thickness, used only to smooth out the otherwise
piecewise-constant density, was three-to-four times smaller. Strictly speaking, results obtained by the current
methodology fall in the “large scale regime” of turbulent combustion based on Damko¨hler’s classification,
or in the “flamelet regime” based on the refined combustion regime diagrams [3, 5] (Fig. 1.1). As discussed
in section 1.2 there is not enough evidence to support the rigid classification of these regimes and therefore,
it is possible that the results of the hydrodynamic model presented in the forthcoming chapters extend well
beyond the flamelet regime, and must be judged by their comparison to the experimental record.
The calculations reported here were carried out in an idealized two-dimensional incident turbulent field.
Such a field clearly lacks the features of real three-dimensional turbulence, such as vortex stretching. This,
however, should not be detrimental, since one of our objectives is to recover and extend the findings of classical
asymptotic approaches, which do not account for such effects. Moreover, vortex stretching constitutes a
mechanism for the cascade of energy to smaller and smaller scales, which in our case need not be modeled.
Also, two-dimensional turbulence exhibits a reverse energy cascade, in which there is an inverse flow of
energy from small to large scales [106]. Since we do not either resolve or model the smaller scales, such an
inverse cascade does not affect our calculations. In addition, three dimensional DNS studies [14, 17] have
shown that there is far greater probability of finding locally cylindrical rather than spherical geometries in
turbulent flames. Baum et al. [12] in their DNS study have also observed close similarity in the two- and
three-dimensional results.
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4.3 Turbulent flame speed
As discussed in section 1.4, in a configuration where the flame is in a statistical steady state (Fig. 1.2), within
an isotropic, homogeneous turbulent incident field v = (u′, v + v′) with u′ = 0 and v′ = 0 (by definition),
the turbulent flame speed is defined as the mean longitudinal incoming velocity, i.e. ST = v. The mean here
is defined as the average in time and over cross sectional area A. For a quantity, say ϕ, it is given by
ϕ = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ϕ dS
}
dt (4.10)
where A is the cross-sectional area into which the flame propagates and dS is an element of that cross-
sectional area. To obtain an expression for ST we equate the mass flow rate at the inlet with the mass flow
rate through the entire flame, as done in section 1.4, but with the local propagation speed of each corrugated
flame segment taken as Sf instead of SL. This is given as
lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu (v + v
′) dS
}
dt = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu Sf ∆Af dS
}
dt
lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu v dS
}
dt = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu Sf ∆Af dS
}
dt
lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu ST dS
}
dt = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
ρu Sf ∆Af dS
}
dt (4.11)
where ∆Af dS is the area of a segment of the corrugated flame. An expression for ST is therefore given by
ST = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
Sf ∆Af dS
}
dt. (4.12)
If we assume the local flame speed to be a constant, i.e. Sf = SL, Eq. (4.12) reduces to
ST
SL
=
Af
A
(4.13)
which is exactly Damko¨hler’s suggested relation for turbulent flame speed (Eq. (1.1)).
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Chapter 5
Wrinkled flames in low intensity
turbulence
The examination of turbulent flame propagation within the context of the hydrodynamic model using the
hybrid numerical methodology was initiated by Creta and Matalon [62]. Calculations were carried out for
L > 0 in the wrinkled flamelet regime of turbulent combustion, characterized by low turbulence intensities
(v′c/SL . 1) and flames that do not attain multivalued conformations. The flame was mathematically
represented by an explicit function of the form y − f(x, t) = 0. The results presented in this chapter, which
were published in [108], are an extension to that study and utilize the same numerical methodology. In the
discussion that follows, we only retain the effects of curvature on flame dynamics, effectively setting KS=0
in the flame speed relation given by Eq. (2.7). The overall effect of stretch (curvature and strain) will be
introduced in the subsequent discussion.
The original stability analysis by Darrieus and Landau [63, 64] suggests that a freely propagating planar
flame is unconditionally unstable to disturbances of all wavelengths. Diffusive corrections, such as those
modulated by the Markstein length L appearing in the flame speed relation (Eq. (2.7)), act as stabilizing
mechanisms for the short-wavelength disturbances, provided L > 0. Linear stability analysis, with strain
effects neglected, shows [73] that a planar flame propagating in a quiescent mixture is stable to disturbances of
wavelength smaller than λc=4piL σ/(σ−1). In a finite domain of size L, the flame is therefore unconditionally
stable as long as L < λc. It is convenient in the following discussion to treat the reciprocal of the scaled
Markstein lengthM−1 = L/L as the instability (bifurcation) parameter. Accordingly, stability is ensured as
long asM−1 <M−1c withMc ≡ (σ−1)/4piσ. It was observed in [62] for L > 0 that in the case of turbulent
flames the Darrieus-Landau instability also gives rise to two distinctive flame behaviors, reminiscent of the
stable and unstable behaviors of the laminar case. The subcritical region is characterized by a flame brush
which is statistically planar (Fig. 5.1(a)) with flame curvatures that are neither preferentially positive nor
negative, yielding essentially Gaussian statistical distributions. Figures 5.1(b) & 5.1(c) plot the pdfs of the
flame position and curvature respectively for σ = 3,M−1 = 15 (<M−1c ). Both pdfs are symmetric about
their respective means and in particular the mean curvature is zero, confirming that the flame brush is indeed
planar on the average. The width of these pdfs increases with increasing intensities indicating thicker flame
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Figure 5.1: For σ = 3 and M−1 = 15 (<M−1c ), (a) turbulent flame brush at an intensity of v′c/SL = 0.4.
Pdf of (b) flame position and (c) flame curvature parametrized with increasing turbulence intensities.
brushes and wider range of both positive and negative curvatures. The flame profiles in the supercritical
region are corrugated (Fig. 5.2(a)), resembling the cusp-like conformation of the laminar case, with statistical
distributions of flame position and curvature that are highly non-symmetrical [62]. Figure 5.2(b) plots the
pdf of the flame position for σ = 3,M−1 = 60 (>M−1c ). At a low intensity of v′c/SL = 0.1 the pdf possesses a
bimodal shape which is a direct consequence of the cusp-like flame shapes frequently attained by the flame in
this regime. The two peaks, located approximately at 0.4 and 0.6, correspond respectively to the trough and
crest of the cusp-like flame shape. As intensity increases, the pdf becomes wider, loses the bimodal character
and attains a skewed shape towards the fresh mixture. Curvature pdfs also present an analogous asymmetry
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Figure 5.2: For σ = 3 and M−1 = 60 (>M−1c ), (a) turbulent flame brush at an intensity of v′c/SL = 0.4.
Pdf of (b) flame position and (c) flame curvature parametrized with increasing turbulence intensities.
with large negative values and more frequent smaller positive values. The transition from stable to unstable
behavior in the laminar case is abrupt and occurs at M = Mc. This transition is also accompanied by a
sharp increase in the laminar flame speed, due to the increase in flame surface area. In the turbulent regime
calculations showed that the transition from one region to the other was gradual with a definite dependence
on the instability parameter M−1, which is absent in laminar propagation.
Attention is now focussed on the subcritical regime, for which M−1 <M−1c , and the effect of the DL
instability on the flame is systematically examined. The flame profile is expressed in the form ψ(x, y, t)≡
y− f(x, t) = 0, an acceptable assumption for low intensity turbulence. Substituting this representation into
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Figure 5.3: A representative solution of the hybrid Navier-Stokes / front capturing methodology in a domain
of size L. The surface shown in solid curve is the flame front y = f(x, t) subjected to a turbulent field of
scale `. Also shown are the vorticity contours, with (red/blue) solid/dashed lines indicating positive/negative
values of vorticity.
the flame speed relation Eq. (2.7) we obtain
−ft − u∗fx + v∗ = Sf (1 + f2x)1/2, (5.1)
where the velocity field ahead of the flame v∗ = (u∗, v∗) includes contributions from the incoming turbulence
and the flow induced by the wrinkled flame. Averaging this equation in the transverse direction and in time,
using the definition of mean given by Eq. (4.10), we obtain
−u∗fx + v∗ = Sf (1 + f2x)1/2 (5.2)
where ft = 0 since the average location of the flame is maintained constant. The RHS of the equation is
the turbulent flame speed, as given by Eq. (4.12). Therefore, consistency dictates that the LHS should also
evaluate to the turbulent flame speed. Figure 5.4 plots the quantities u∗fx and v∗. We see that u∗fx = 0 and
v∗ evaluates to the turbulent flame speed, thus maintaining consistency. The expression for the turbulent
flame speed
ST = Sf (1 + fx
2)
1/2
, (5.3)
highlights two main contributions to the turbulent flame speed ST , namely a contribution due to flame area
increase, as indicated by Damko¨hler, and the other due to Sf , local flame speed, expressed in Eq. (2.7).
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Figure 5.4: Plot of ST /SL, v∗ and u∗fx with time at a turbulence intensity of v′c/SL = 0.4 The parameters
are σ = 4, M = 0.059 and `/L = 0.1.
This reveals the fact that, beyond the mere geometric corrugation of the flames surface due to turbulence,
by influencing the burning rate, an important role in turbulent propagation is played by the mean stretching
of the flame, i.e. by curvature and strain rate effects, which can influence the local flame speed. If the local
flame speed is taken to be a constant, Sf = SL, Eq. (5.3) reverts back to Damko¨hler’s expression, Eq. (1.1).
In the subcritical region, the turbulent flame speed is shown to follow a quadratic scaling law with respect
to the turbulence intensity, given by
ST
SL
= 1 + c
(
v′c
SL
)2
, (5.4)
consistent with the earlier propositions of Shelkin [51] (Eq. (4.3)) and the more recent asymptotic studies [5,
52] (Eq. (4.5)). Distinguished from these studies is the result of Creta and Matalon [62] which displays an
explicit dependence of the coefficient c on thermal expansion σ and turbulence integral scale `. It also suggests
that the turbulent flame speed relation is modulated by the instability itself, such that c = c (σ, `,M), a
result that is further explored below. The range of parameters considered in this study comprises the thermal
expansion coefficient extending from σ = 1 to the realistic value of σ = 6, the scaled Markstein length M
spanning 0.062− 0.078 to ensure thatM−1 ≤M−1c , and turbulence intensity and scale v′c/SL∼0.1−1.0 and
`/L∼0.1−0.7, respectively (also summarized in table 5.1).
A representative solution is shown in Fig. 5.3. As noted earlier, the viscous term in the momentum equa-
tion, Eq. 2.12, is, similar to other diffusion processes, of O(δ) and the Reynolds number Re = ρuLSL/µu =
(δPr)−1, where Pr is the Prandtl number. In most of the calculations reported below and in forthcoming
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σ M v′c/SL `/L
1 - 6 0.062 - 0.078 0.1 - 1.0 0.1 - 0.7
Table 5.1: Range of various parameters considered for simulation.
M v′c/SL ST /SL (µ = 0.0005) ST /SL (µ = 0.00001) % diff
0.0333 0.2 1.1609 1.1526 0.71%
0.8 1.3386 1.3409 0.17%
1.2 1.4584 1.4528 0.38%
0.0267 0.1 1.2016 1.1952 0.54%
0.8 1.4096 1.4079 0.12%
1.2 1.5733 1.5614 0.76%
Table 5.2: Effect of varying the dynamic viscosity coefficient on turbulent flame speed data. The thermal
expansion coefficient is taken as σ = 5 and turbulence integral length scale as `/L = 0.1.
chapters we have taken Re = 2·103 and kept µ constant (independent of T ). Increasing the Reynolds number
to Re = 105 had a minor effect on the results, typically less than 1% difference, as illustrated in Table 5.2.
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Figure 5.5: The turbulent propagation speed as a function of turbulence intensity at the flame surface,
parametrized with thermal expansion σ. Calculated for nondimensional turbulence scale ` = 0.1 and inverse
scaled Markstein length M = 0.066.
The results that follow, refer to a fixed value `/L = 0.1. Figure 5.5 displays the turbulent propagation
speed, devoid of strain effects, along with the quadratic fits of the form given by Eq. (5.4), as a function of
turbulence intensity parametrized for different values of thermal expansion coefficient. As mentioned earlier
in chapter 3, the MS equation is a single integro-differential equation that describes flame propagation and
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also captures the development of the cusp-like flame shape characteristic of the DL instability for weak
thermal expansion (σ − 1  1). In a recently developed stochastic MS model [1], the MS equation was
subjected to external noise, with a specified intensity and length scale, that mimicked a turbulent inflow.
A similar quadratic scaling of the turbulent flame speed with turbulence intensity was obtained using this
stochastic model. It is shown in Fig. 5.5 using dashed lines and filled symbols.
5.1 Effect of Markstein length
Next the effect of the instability parameter on the turbulent flame speed is examined. Figure 5.6 shows ST /SL
as a function of M−1 for given values of σ and v′c/SL. The bifurcation points for σ = 2, 4, 5 (under laminar
conditions) are respectively given by M−1c = 25, 16.8, 15.7. Also shown in the figure (as a dotted curve) is
the bifurcating laminar solution for σ = 5, representing the flame speed of the single-peak configuration that
evolves beyond the bifurcation point M−1c = 15.7. It can be seen that in addition to the effects of thermal
expansion and turbulence intensity, the instability parameter yields a substantial progressive increase in
the value of the turbulent flame speed over the constant laminar value SL. In the subcritical regime the
dependence is linear, but deviates substantially when transitioning towards the supercritical regime, as
shown for σ = 5 with v′c/SL = 0.4. As anticipated, one observes that in the turbulent case the transition
is no longer abrupt, but occurs gradually over an appreciable range of M−1, which keeps shrinking as the
turbulence intensity increases. In this transitional regime (clearly seen in the figure for σ = 5, v′c/SL = 0.4)
the flame remains dominated by the turbulence and unable to still develop the sharp crests that characterize
the corrugated laminar flames typical of DL instability. For the same conditions, the turbulent flame speed
is initially lower than the laminar speed of the corrugated laminar flame.
It is inferred that, contrary to the laminar behavior, in a turbulent setting the flame in the subcritical
regime is continuously influenced by the DL instability phenomenon for a wide range of values of the insta-
bility parameter, extending away from the laminar bifurcation point. A modified subcritical scaling law of
the form
ST
SL
= 1 + bM−1
(
v′c
SL
)2
, (5.5)
is thus proposed, highlighting the linear dependence onM−1 and where, for given `, the coefficient b depends
only on σ. The validity of this expression can be verified by plotting ST /SL − 1 as a function of the group
M−1(v′c/SL)2 at constant σ. Indeed, the straight lines in Fig. 5.7(a) for given values of σ have constant
slopes b, confirming the proposition (5.5). A linear dependence of ST /SL on the instability parameter in
the subcritical regime was also recovered via the MS model [1], thus providing additional validation for the
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Figure 5.6: Dependence of the turbulent flame speed on the instability parameter M−1, parametrized with
the thermal expansion coefficient and turbulence intensity. The dashed segments show the extension of the
linear dependence valid only in the subcritical regime. The dotted curve represents the bifurcating solution
for σ = 5 under laminar conditions.
proposed scaling law.
The coefficient b can obtained by solving Eq. (5.5) for b(σ), and using the computed values of the turbulent
flame speed, or using the slopes of the straight line fits in Fig. 5.7(a). Both are shown in Fig. 5.7(b), for
`=0.1, generating a single curve that illustrates the effect of thermal expansion on the turbulent flame speed,
independent of the effect of the DL instability. The graph highlights the fact that an increase in heat release
enhances the turbulent flame speed. This effect, however, levels off as σ attains sufficiently large values.
A similar plot was obtained in [62], except that it was not free from the influence of the scaled Markstein
length.
Figures 5.8(a) and 5.8(b) display the probability density function (pdf) of the flame curvature and flame
position for different values of the instability parameter M−1. The symmetry of the pdfs for the first three
values ofM−1 and the fact that the corresponding mean curvature is zero indicates that the flame remains on
the average planar. It is seen that the variance of these distributions increases asM−1 increases, indicating
higher local curvatures and a thicker flame brush as the instability parameter increases and approaches the
bifurcation point. The increase in turbulent flame speed as M−1 increases is explained here in terms of the
thicker flame brush, with increasing flame surface, a clear manifestation of the DL instability in terms of
the proximity to the bifurcation point. Similarly, the increase in turbulent flame speed with σ is attributed
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Figure 5.7: (a) Verification of scaling law (5.5), exhibiting a quadratic dependence on turbulence intensity
and a linear dependence on the inverse Markstein number. (b) Coefficient b(σ) in the scaling law (5.5).
Black squares correspond to the slopes of the straight lines fits in (a), while the open circles correspond to
actual data.
to a wider pdf of the flame location yielding a thicker flame brush, as observed in Fig. 5.8(c). As M−1
increases beyond the bifurcation point M−1c = 15.7, the pdfs displayed in Figures 5.8(a) and 5.8(b) exhibit
a rather dramatic departure from a symmetric Gaussian function. This is to be interpreted as the onset of
the supercritical regime in which average flame conformations cease to be planar. This non trivial transition
furnishes further explanation for the departure from the subcritical linear behavior of the turbulent speed
observed in Fig. 5.6.
The linear dependence of the turbulent flame speed on the instability parameter M−1 translates into
an inverse dependence on the Markstein length L . As noted earlier (see section 2.1), L can be varied
by changing the fuel type and mixture composition, or by varying the system pressure. The different pdfs
shown in Fig. 5.8(a) could be interpreted as corresponding to two different fuels or, alternatively, to different
system pressures, with the larger value of M associated with a smaller pressure. The curves then resemble
the experimental results reported by Soika et al. [109] for bluff body stabilized CH4-air flames at different
pressures. The curvature pdfs have higher peaks associated with low pressure conditions, but extending to
larger values of κ for high pressure conditions. It should be noted that, given the different experimental
setups and operating conditions, which will require a crude estimate of the various parameters, a direct
comparison with the theoretical predictions is fortuitous.
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Figure 5.8: Probability density functions of (a) flame curvature (b) flame location, parametrized with inverse
scaled Markstein lengthM−1, for thermal expansion coefficient σ = 5 and turbulence intensity v′c/SL = 0.4
(for σ = 5, M−1c = 15.7) (c) flame location, parametrized with the thermal expansion coefficient σ, for
M−1 = 12.8.
5.2 Effect of integral length scale
Next, the effect of the turbulence integral scale ` on flame propagation is examined. Figure 5.9(a) shows
the effect of ` on the turbulent flame speed for M−1 = 8, 12, 15.5. The graph reveals the existence of an
intermediate integral scale that maximizes the turbulent flame speed. In the subcritical regime considered
here, the intermediate scale `∗ ≈ 0.62, in units of L, and appears independent of M. Furthermore, the
amplification of turbulent flame speed at the maximizing scale is more modest for M−1 = 8, compared to
M−1 = 15.5 which is closer to the bifurcation point (for σ = 4 considered here M−1c = 16.7). This reveals
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Figure 5.9: (a) Effect of turbulence integral length scale on turbulent flame speed (b) amplification factor
χ(M, `), for thermal expansion coefficient σ = 4 and turbulence intensity v′c/SL = 0.4.
the existence of a certain eddy size that is dominant in perturbing the flame front and becomes increasingly
more effective as the instability parameter increases and approaches the bifurcation point. The existence of
such a maximizing length scale was alluded to in the theoretical study by [104], and observed for both sub
and super-critical conditions based on the MS model [1] and the nonlinear hydrodynamic model [62]. It is
further observed from Fig. 5.9(a) that the values of turbulence integral scale which start to influence the
turbulent flame speed depend on M−1. For M−1 = 8, its influence is not felt until ` ≈ 0.4, for M−1 = 12
until ` ≈ 0.2 while for M−1 = 15.5 the influence is felt from the smallest scales considered, i.e. ` ≈ 0.1.
In order to quantify the increase in turbulent flame speed and implement this information in the scaling
law (Eq. (5.5)), similar to [62], an amplification factor χ(M, `) is introduced. This factor is defined as
χ(`,M) = ST /SL − 1
(ST /SL)`=0.1 − 1 (5.6)
and is plotted in Fig. 5.9(b) for the three values of M examined. Incorporating the effect of the turbulence
integral scale, the scaling law for the turbulent flame speed becomes,
ST
SL
= 1 + b(σ) χ(M, `)M−1
(
v′c
SL
)2
. (5.7)
The linear dependence of the turbulent flame speed on the bifurcating parameter M−1 remains valid only
for values of ` which do not affect the turbulent flame speed, i.e values for which the amplification factor χ
50
0 0.2 0.4 0.6 0.8 10.6
0.8
1
1.2
1.4
1.6
 = 2
 = 3
 = 4
Figure 5.10: Mean flame speed Sf/SL, turbulent flame speed ST /SL and turbulent flame speed scaled with
mean flame speed ST /Sf parametrized with thermal expansion σ. Calculated for nondimensional turbulence
scale ` = 0.1 and M = 0.066.
reduces to 1. In general, since the amplification factor exhibits an additional dependence on M, the overall
dependence of the flame speed on M−1 diverges from the linear behavior, an effect that becomes mostly
significant when nearing the transition regime.
5.3 Effect of strain
In the discussion so far, the effects of strain on the flame propagation have been neglected. Its influence on
the turbulent flame speed can be accomodated by rescaling ST with the mean flame speed Sf as opposed to
the unstretched laminar flame speed SL as shown in [62]. Since in the subcritical regime κ = 0, as seen in
Fig. 5.8(a), the flame speed relation (Eq. (2.7)) yields Sf = SL −LKS . Thus the effects of strain can be
incorporated in the proposed expression Eq. (5.7) by the said rescaling procedure, yielding
ST
SL
=
[
1− LKS
SL
]{
1 + bˆ(σ,M, `)M−1
(
v′c
SL
)2}
. (5.8)
The statistical properties of hydrodynamic strain during flame propagation show a net expanding effect
[62], or positive mean strain (KS > 0), which may become significantly large at high turbulence intensities.
As a result the mean flame speed Sf decreases with turbulence intensity, as shown in Fig. 5.10. Further
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inspection of Fig. 5.10 reveals that no significant effect of thermal expansion σ is exhibited by Sf . This is
essentially due to the fact that for a statistically planar flame, thermal expansion is expected to influence
the downstream flowfield alone, whereas the mean strain rate KS , and thus Sf , depends on the properties of
the upstream flowfield. While the newly rescaled turbulent speed ST /Sf is observed to retain the quadratic
dependence on turbulent intensity and the linear dependence on M−1, included in Eq. (5.8), it also retains
some dependence on thermal expansion, expressed in Eq. (5.8) by bˆ(σ,M, `), which, however, is not expected
to follow the strain-free dependence b(σ) of Fig. 5.7(b). This dependence is due to the effect of σ on flame
brush thickness and flame area increase which becomes more enhanced at high turbulence intensities, while at
low intensities ST is most affected by the decrease in Sf , according to the expression for ST given by Eq. (5.3).
Whether bˆ(σ,M, `) can be represented as bˆ(σ) χˆ(M, `), similar to Eq. (5.7), needs to be investigated further.
5.4 Summary
The key results from this chapter can be summarized as follows,
• Based on the value of the instability parameter M = L /L, at low turbulence intensities (v′c/SL . 1),
turbulent flame propagation falls into either a subcritical regime (M >Mc) where the flame brush is
planar on the average or a supercritical regime (M <Mc) where the flame frequently attains highly
curved, cusp-like shapes characteristic of the DL instability.
• The subcritical regime is characterized by symmetric pdfs of flame position and curvature (with zero
mean curvature), confirming that the flame brush in this regime is indeed statistically planar. The
supercritical regime, on the other hand, is characterized by highly asymmetric pdfs of both flame
position and curvature, because of the frequent cusp-like shapes attained by the flame.
• Transition from the subcritical regime to the supercritical regime is gradual, unlike the laminar case
where an abrupt transition occurs.
• In the subcritical regime, contrary to the laminar case where the flame remains planar and unaffected
by the instability, the influence of the turbulence on the flame characteristics is modulated by the DL
instability. Prominent effects are an increase in the thickness and surface area of the turbulent flame
brush and formation of highly curved flame profiles, that become more pronounced as conditions tend
towards the transitional region.
• The variation of turbulent flame speed ST in the subcritical regime with various parameters was as
follows:
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– Turbulence intensity (v′c/SL): A quadratic scaling with the intensity of the form ST /SL ∼ 1 +
b (v′c/SL)
2.
– Thermal expansion coefficient (σ): An increase in the turbulent flame speed for σ = 2− 5 and a
leveling off behavior for σ ≥ 5.
– Markstein number (M = L /L): A linear scaling of the form ST /SL − 1 ∼M−1.
– Integral length scale (`/L): An intermediate turbulent length scale that most effectively perturbs
the flame and maximizes the turbulent flame speed was identified (`/L ≈ 0.6). This maximizing
length scale is a direct consequence of the DL instability, causing an amplification that increases
gradually as the instability parameter increases towards the transitional bifurcation region.
• A scaling law for turbulent flame speed ST , exhibiting a quadratic dependence on turbulence intensity
v′c/SL together with a non-trivial dependence on other system parameters, namely thermal expansion
coefficient σ, integral length scale `/L and Markstein length (in terms of M), was proposed and is
given by
ST
SL
=
[
1− LKS
SL
]{
1 + bˆ(σ,M, `)M−1
(
v′c
SL
)2}
.
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Chapter 6
Corrugated and folded flames in
moderate to high turbulence
intensities
In this chapter, we extend our calculations into the corrugated flamelets regime of turbulent combustion,
typically characterized by moderate to high turbulence intensities (v′c/SL > 1). At such intensities the
flame frequently develops folds, which causes pockets of unburned gases to pinch-off from its surface and get
consumed. Therefore, the flame can no longer be represented by a single valued function and a generalized
representation, which allows for multivalued and disjointed interfaces is required. To this end we use the
improved interface tracking algorithm discussed in section 2.2. Though the hydrodynamic model allows for
arbitrary flame displacements and flow nonuniformities, it is strictly speaking valid only for weak stretch,
which restricts the calculations to values of turbulence intensity that are not too large, such that Sf remains
positive everywhere and at all times. The simulations presented in this section cover the range of turbulent
intensities 0.1 ≤ v′c/SL ≤ 2 for selected values of the Markstein number M in the range 0.057 − 0.018.
The thermal expansion and turbulence integral scale are set at σ = 5 and `/L = 0.1 (also summarized in
table 5.1); the dependence of the turbulent flame speed on these parameters has been partially reported
in the previous chapter (see also [62, 108]) and will be further discussed in a forthcoming chapter. Some
σ M v′c/SL `/L
5 0.057 - 0.018 0.1 - 2.0 0.1
Table 6.1: Range of various parameters considered for simulation.
of the calculations presented in the previous chapter and in [62] at low turbulence intensities, using the
single valued representation of the flame surface, will be re-discussed here and in the next chapter. A
representative calculation in the corrugated flamelets regime is presented in Fig 6.1. It corresponds to
turbulent flames (shown by the solid black curve) at three consecutive times; propagating downwards. The
turbulent flow is demonstrated by vorticity contours, with (red/blue) solid/dashed curves corresponding to
clockwise/counterclockwise rotation. The illustration, which corresponds to v′c/SL = 1.4 (with M = 0.05)
clearly illustrates the flame folding, the detachment of a pocket of unburned gas, and its rapid consumption.
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Figure 6.1: Representative solutions of a turbulent flame (solid black curve) at consecutive times. The
turbulent flow is illustrated by vorticity contours with (red/blue) solid/dashed curves corresponding to
positive/negative vorticity values.
6.1 Flame topology
6.1.1 Regimes of turbulent flame propagation
For low values of the turbulence intensity Creta and Matalon [62] have identified two distinct regimes
of flame propagation: a sub-critical regime where, on the average, the flame brush remains planar (with
zero mean curvature) and the fluctuating flames are unaffected by the DL instability, and a super-critical
regime where the flames frequently attain a distinct cusp-like conformation, reminiscent of hydrodynamically
unstable flames under laminar conditions, giving the flame brush a robust appearance that seems hardly
affected by the turbulence. This classification, in analogy to the characterization of stable/unstable regimes
of laminar flames [79], is based on whether the Markstein number M is above/below the critical value
Mc=(σ−1)/2pi(3σ−1). For σ=5 considered here, the critical Markstein number isMc=0.0454. These two
regimes are clearly seen in Figs. 6.2 and 6.3, as described below.
Plotted in Figs. 6.2 and 6.3 are sets of instantaneous snapshots of fluctuating flames superimposed on
each other at a mean location. The vertical extent represents the turbulent flame brush. The various sets
correspond to increasing values of the turbulence intensity v′c. Fig. 6.2 corresponds to a value M=0.057 >
Mc that has been classified for low turbulence intensities as subcritical. The flame brush, which at low
turbulence intensities is nearly planar, thickens as v′c is increased with flames experiencing larger and larger
fluctuations and developing frequent folds. At values of v′c/SL > 1 the flame brush is highly convoluted
and bears no resemblance to the nearly planar conformations that characterize sub-critical flames. Fig. 6.3
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Figure 6.2: Flame brushes for M = 0.05 and increasing values of turbulence intensity.
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Figure 6.3: Flame brushes for M = 0.018 and increasing values of turbulence intensity.
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Figure 6.4: Probability density functions of flame position parametrized with v′c/SL for two values of Mark-
stein numbers M = 0.05(red/solid), 0.018(green/dashed).
corresponds to a valueM=0.018 <Mc that has been classified for low turbulence intensities as supercritical.
At low v′c/SL the flames, with highly pointed crests intruding into burned gas and wide rounded troughs
towards unburned gas, give the flame brush a robust appearance that is hardly affected by turbulence. As
turbulence intensity is increased, the flame surface develops folds that pinch-up, forming pockets of unburned
gases that detach from the main flame surface and are rapidly consumed. At sufficiently large values of v′c/SL
the cusped structures that characterize the low-intensity flames are no longer visible and the overall flame
brush loses the distinguished appearance of super-critical flames.
At high turbulence levels, v′c/SL> 1 say, the flame brush for the two Markstein number seem indistin-
guishable from each other. In this highly-turbulent regime the influences of the DL instability have apparently
decreased to such an extent that it has no longer a visible effect on the turbulent flame. This observation
and the existence of a regime with no DL influences, will be further examined below based on its statistical
characteristics.
6.1.2 Characterization of flame brush topology
To characterize flame brush topologies we examine the probability density functions (pdfs) of flame position
and flame curvatures. Fig. 6.4 shows pdfs of flame position for the two values of Markstein numbers,M=0.05
and 0.018 used in the illustrations of Figs. 6.2 and 6.3. We see that for low values of turbulence intensities,
the pdf forM=0.05 is narrow and symmetric about the mean (a characteristic of the planar flame brush), as
compared to the wider and asymmetric bimodal pdf forM=0.018. The bimodal pdf is a direct consequence
of the sharp crests and wider troughs that characterize the flame at low turbulence intensities. Similar pdfs
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Figure 6.5: Probability density functions of flame curvature parametrized with v′c/SL for two values of
M = 0.05(red/solid), 0.018(green/dashed).
were observed at low intensities in chapter 5 (Fig. 5.2(b)). As v′c/SL is increased, the pdf for M = 0.05
spreads out and the one for M= 0.018 starts to lose its bimodal shape, regaining a symmetrical but much
wider shape. Such widening of the flame position pdf indicates the formation of thicker flame brushes. For
the high values of v′c/SL (= 1.4, 2.2) the pdf’s for both values of M have similar shape; they are wider with
long tails towards the burned side. The tails are indicative of intermittent formation of long intrusions into
the burned gas and detachment of flame pockets from the flame surface, as discussed below.
Flame curvature pdfs shown in Fig. 6.5 exhibit similar characteristics. At a low intensity of v′c/SL = 0.3,
the pdf forM=0.05 is nearly symmetric with zero mean, confirming that the flame brush is indeed planar on
average. We have shown in chapter 5 that even in the subcritical regime, as the value of Markstein number
approaches criticality, the DL instability starts influencing the flame. Such effects cause the curvature pdf
of M = 0.05, a value close to criticality (Mc = 0.0454), to exhibit a slight positive bias. As turbulence
intensity increases, the pdf starts to widen encompassing a larger range of positive and negative curvatures,
while staying symmetric with a zero mean. Similar to flame position, the curvature pdf forM=0.018 is also
asymmetric at low turbulent intensities. The peak of the pdf, corresponding to small positive curvatures
arises from the rounded troughs of the flame surface, and the large negative curvatures correspond to the
highly pointed crests. With increasing intensity the pdf widens and loses its asymmetry. For the high values
of v′c/SL (= 1.4, 2.2) the pdfs for both values ofM have similar symmetric wide shapes with negative mean
curvature, and long-tailed with respect to negative curvatures. These tails result from intermittent formation
of intrusions and pockets with high negative curvatures. We verify this via post-analysis of snapshots of the
flame surface, an example of which is shown in Fig. 6.6. Figure 6.6 shows the snapshot of a flame profile,
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Figure 6.6: Plotted on the left is a snapshot of an instantaneous flame profile, containing an intrusion and
a pocket of unburned gases; taken from the simulations with M = 0.033 and v′c/SL = 1.4. Plotted on the
right are the curvatures along the flame coordinate s of each of the two flame segments.
right after a pocket of unburned gases has pinched off from its surface. Both the pocket and the continuous
flame are visible in the snapshot. Examining the values of curvatures, plotted on the right of Fig. 6.6 for
each of the flame segments with respect to the flame coordinate s measured along the arc length, we can
see that the high negative local curvatures of the pocket and the intrusion correlate well with the values
observed at the tail of the curvature pdfs.
The wide symmetrical pdfs of flame position with long tails extending towards the burned gas region,
along with the wide symmetrical curvature pdfs with negative mean curvature and long negative tails are
quite distinct from those observed in the sub- and super-critical regimes; they clearly identify the new highly
turbulent regime alluded to earlier. Symmetric pdfs of flame curvature were observed in the experiments of
Lee et al. [110] with turbulent propane/air flames subjected to intensities v′c/SL ranging from 1.42 to 5.71.
Three mixtures with Lewis numbers Le = 1.86, 1.40, 0.98 were examined and it was found that variation
in Le had no effects on the curvature pdfs at the intensities considered. Long tailed pdfs of flame position
extending towards the burned gas for a thermal expansion coefficient σ = 5 and intensity v′/SL = 2.35 were
noted by Treurniet et al. [71] in a DNS study of turbulent premixed combustion via the G-equation. Long
negative-tailed curvature pdf was observed in a DNS study by Echekki and Chen [111] of turbulent premixed
methane/air flames subjected to an intensity v′c/SL = 4.2.
The distinction between the different regimes introduced earlier can be ascertain by examining the skew-
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Figure 6.7: Variation of skewness of the curvature pdfs γκ with turbulence intensity for values of Markstein
number above/below Mc = 0.0454.
ness of curvature γκ, which measures the asymmetry of the corresponding pdf about its mean. Plotted
in Fig. 6.7 is the variation of γκ with increasing values of turbulence intensity, for four different values of
Markstein numbers. The contrast between the skewness of flames withM<Mc from those withM>Mc at
low values of turbulence intensity, is quite evident (for the present conditionsMc=0.0454); the supercritical
regime have larger negative skewness as compared to the small values in the subcritical regime. For larger
values of turbulence intensity however, γκ → 0 for all values ofM, indicating symmetric distribution of cur-
vatures and the emergence of the highly turbulent regime. A similar trend was also reported by Haq et al.
[112] in their experiments with spherically expanding iso-octane and methane flames subjected to intensities
v′c/SL ≈ 1− 11.
Since the main distinction between the sub- and super-critical regimes is whether the DL instability
affects the turbulent propagation, the skewness also serves as a measure of the DL influence, as proposed
by Troiani et al. [113] who observed in their experiments with Bunsen propane/air flames a similar increase
in γκ, from negative values towards zero, with diminishing DL influences. A decrease in γκ with increasing
Lewis numbers for mixtures with Le > 1, equivalent to an increase in M, at an intensity of v′c/SL ≈ 1 was
reported in the DNS study of constant density premixed turbulent flames with non-unity Lewis numbers by
Rutland & Trouve [17].
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Figure 6.8: Straining of flame by a vortex pair simulated for σ = 5 and M = 0.057. (a) Contours of
vorticity (red/blue corresponding to positive/negative vorticity) showing the vortex pair (b) Contours of the
magnitude of the strain rate E showing the straining structures (c) Plot of curvature and strain rate along
the flame (d) Plot of the normal −vnκ and tangential ∇τ · vτ components of strain rate Ks.
6.1.3 Curvature – Strain correlation
Another quantity used to characterize flame – turbulence interaction is the correlation between the flame
surface curvature and the strain rate it experiences. A flame surface is typically strained by velocity gradients
caused either due to turbulence in the flow or by the DL instability. These two distinct mechanisms can
be illustrated by considering the following two models: (i) the interaction of a laminar flame with a vortex
pair, and (ii) the development of a hydrodynamically unstable laminar flame, as suggested by Steinberg
et al. [114]. The first has been utilized in numerous studies, both experimental [115, 116] and computational
[117–119], to characterize flame – turbulence interaction; the second is a direct examination of the nonlinear
consequence of the DL instability [78, 79]. These two configurations, which were simulated numerically by
considering the distortion of a planar laminar flame subjected to a pair of counter-rotating vortices or to the
DL instability, are discussed next.
Figure 6.8 shows the interaction of a laminar flame with a vortex pair, leading to a distorted flame surface
of negative curvature. Contours of constant vorticity and contours of constant strain rate magnitude are
shown in Fig. 6.8(a) and Fig. 6.8(b), respectively. The magnitude of the strain rate is determined from
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Figure 6.9: Straining of flame by the Darrieus - Landau instability, calculated for σ = 5, M = 0.027. (a)
Streamline pattern near a steadily propagating cusped-like structure that results from the DL instability; also
shown are the vorticity contours in different grey shades (or red and blue) corresponding to positive/negative
vorticity. (b) Plot of curvature and strain rate along the flame (c) Plot of the normal −vnκ and tangential
∇τ · vτ components of strain rate Ks.
E = (EijEji)
1/2, where Eij are the elements of the strain rate tensor E, with the summation convention
adopted. Marked on the graph of Fig. 6.8(b) are the flow structures responsible for extensive and compressive
straining of the flame surface, where it is evident that the negatively curved flame segment is positively
stretched (see also [120]). The computed profiles of strain rate Ks and flame curvature κ along the flame
surface are shown in Figure 6.8(c). Also shown in Figure 6.8(d) are the normal −vnκ and tangential ∇τ ·vτ
components of strain rate Ks. At the negatively curved region, both the components of Ks contribute
towards extensive (positive) straining and vice versa at the positively curved regions. Hence, as the flame
interacts with the vortex pair, or due to turbulence, positively curved segments experience compressive
(negative) straining and negatively curved segments extensive (positive) straining.
Figure 6.9(a) shows the steadily propagating structure that develops when a planar laminar flame becomes
hydrodynamically unstable; or resulting from the DL instability. Flame straining in this scenario occurs as
a result of the flow induced in the unburned gas, illustrated by the streamlines in Fig. 6.9(a), as a result of
the instability. Creta and Matalon [79] have demonstrated that for such a flame configuration, the normal
and tangential components have opposite straining effects at the negatively curved crest, resulting in a
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Figure 6.10: Joint pdf of flame curvature and strain rate for increasing values of turbulence intensity at a
Markstein number M = 0.057.
net compressive effect (Ks < 0). However, exactly at the negatively curved tip of the flame, the strain
rate at the flame reverts back to very small positive values. At the positively curved troughs, the strain
components act synergistically, leading to a net extensive effect (Ks > 0). These phenomena are illustrated in
Figs. 6.9(b) and (c), where the strain rate and curvature along the flame and components of strain rate along
the flame are plotted respectively. Therefore, during flame straining due to the DL instability, positively
curved segments experience extensive (positive) straining, negatively curved segments experience compressive
(negative) straining and the highly negatively curved tip experiences very small values of extensive (positive)
straining.
Figure 6.10 shows the joint pdfs of flame curvature and strain rate forM = 0.057 >Mc, in the subcritical
regime. In this regime, the DL instability is inactive and we anticipate that the primary mechanism of flame
straining is via turbulence. Indeed we see that for various intensity values (v′c/SL = 0.1, 0.3, 0.8, 1.0),
positively curved segments are subjected to negative (compressive) straining and vice versa, consistent with
the results of a flame interacting with a pair of counter-rotating vortices. A linear fit of the form a+bκ to the
curvature-strain data results in negative values of the slope b, as shown in the figure. The variation in b with
turbulence intensity is shown in Fig. 6.12. ForM = 0.057, 0.05, both in the subcritical regime, b is negative
for all values of intensity, indicating that all flame straining is due to interaction with turbulent vortices.
Direct numerical simulations with one-step Arrhenius chemistry in an inflow-outflow configuration, performed
in two dimensions by Haworth and Poinsot [121] for three values of Lewis number Le = 0.8, 1.0, 1.2, v′c/SL ≈ 5
and in three dimensions by Chakraborty and Cant [21] for Le = 1.0, v′c/SL = 7.2 yielded similar negative
63
−30 −20 −10 0 10 20 30
−30
−20
10
0
10
20
30
K
s
κ
−30 −20 −10 0 10 20 30
−30
−20
−10
0
10
20
30
K
s
κ
−30 −20 −10 0 10 20 30
−30
−20
−10
0
10
20
30
K
s
κ
−50 −30 −10 10 30 50−50
−30
−10
10
30
50
K
s
κ
v0c/SL = 0.3
v0c/SL = 0.8 v
0
c/SL = 1.4
v0c/SL = 0.5
KsKs
Ks Ks


Figure 6.11: Joint pdf of flame curvature and strain rate for increasing values of turbulence intensity at a
Markstein number M = 0.033.
correlations between flame curvature and strain rate. Experiments of Renou et al. [122] with expanding
stoichiometric CH4-air and lean H2-air flames subjected to intensities v
′
c/SL = 0.46, 0.95 respectively also
yielded similar results.
For Markstein number M = 0.033 < Mc, in the supercritical regime, the DL instability is active and
we anticipate to see its effects, especially at low turbulence intensities. The joint pdf in Fig. 6.11 for a
low intensity of v′c/SL = 0.3 indicates that negative curvatures are associated with compressive (negative)
straining and vice versa, consistent with the results of a hydrodynamically unstable flame. It also shows
that high negative curvatures (κ ∼ −15) are subjected to very small positive to zero strain values. As
seen in Fig. 6.3, at this low intensity the flame frequently attains the cusp-like laminar shape associated
with the DL instability. This results in very small strain values at the highly negatively curved crest, as
shown in the laminar results of Fig. 6.9. As before, performing a linear fit to the curvature-strain data
results in a positive value of the slope b. As turbulence intensity increases (v′c/SL = 0.5, 0.8), b starts to
decrease and tend towards zero, indicative of the fading influence of DL instability. At v′c/SL = 1.4, b reverts
back to a negative value, indicating that the DL straining mechanism has completely been overshadowed by
turbulence.
Therefore, similar to the skewness of curvature pdfs, the slope of a linear fit a+bκ to the curvature-strain
joint pdf data can also be used as a measure of the influence of DL instability. It must be noted at this point
that the linear fit and its slope are merely used as markers for the presence of DL effects. No claim of a
linear relation between curvature and strain is made, since it can be seen from Fig. 6.11 that the relation is
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Figure 6.12: Variation of the slope of the linear fit to curvature-strain joint pdf data with increasing turbu-
lence intensity for different Markstein numbers.
non-linear, especially at low intensities. As seen in Fig. 6.12, the slopes are negative in the sub-critical regime
(M = 0.057, 0.05) for all values of v′c/SL. In the super-critical regime (M = 0.033, 0.027, 0.018) the slopes
are positive for low v′c/SL where DL effects are dominant. As turbulence intensity increases, DL effects start
to fade and b tends towards zero for all M. At sufficiently high intensities (v′c/SL > 1) b reverts back to
negative values, indicative of the dominance of turbulent effects over instability effects. This behavior of b
further supports the existence of a highly turbulent regime, in which DL effects have minimal influence on
turbulent flame propagation.
6.2 Turbulent flame speed
As discussed in section 4.3 the turbulent flame speed is given by
ST = lim
T→∞
1
T
∫ T
0
lim
A→∞
{
1
A
x
Sf ∆Af dS
}
dt. (6.1)
In the corrugated flamelets regime, the flame frequently acquires multivalued conformations. In order to
account for this, we generalize the mean given by Eq. (4.10) to account for flame folding (see also [39]) as
follows
ϕ = lim
T→∞
1
T
∫ T
0
lim
A→∞
 1Ax
∑
j
ϕ
 dS
 dt. (6.2)
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Figure 6.13: Schematic representation of a folded turbulent flame. Marked are two segments dS1 and dS2
along the transverse domain A and one segment ∆Af dS along the flame. Also shown are the multiple flame
segments a, b and c included in the same segment of the domain dS1.
Summation in the above equation indicates that when integrating over a particular element of cross sectional
area dS, all the contributions of the quantity ϕ within dS need to be summed up. An example of this is
shown in Fig. 6.13. For the element dS1, the integrand would be (ϕa+ϕb+ϕc)dS1 whereas for dS2 it would
be ϕd dS2. Following this generalization the turbulent flame speed is given as
ST = lim
T→∞
1
T
∫ T
0
lim
A→∞
 1Ax
∑
j
Sf ∆Af
 dS
 dt. (6.3)
By the design of the problem considered, if the flame is statistically steady, i.e. the mean location of the flame
is kept constant, the turbulent flame speed is given by the mean longitudinal inflow velocity. Figure 6.14(a)
compares the mean of the inflow velocity vin imposed by the control system to the turbulent flame speed
calculated using Eq. (6.3). The good agreement between the two quantities verifies Eq. (6.3). The flame
speed relation, recast as a level set equation (Eq. (2.18)) is given as
ψt + v
∗ · ∇ψ = Sf |∇ψ|.
Averaging this equation in space and time, using the definition of mean given by Eq. (4.10), results in
u∗ψx + v∗ψy = Sf |∇ψ| ≡ ST (6.4)
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Figure 6.14: Comparison between the turbulent flame speed (solid lines), calculated using Eq. (6.3), and
(a)the mean inflow velocity vin (dashed lines) (b) averaged LHS of the level set equation given by Eq. (2.18)
(dashed lines) for different values of the Markstein number and intensities.
where ψt = 0 since the flame location is held constant on the average. The RHS of Eq. (6.4) is the turbulent
flame speed and therefore consistency dictates that the LHS should also evaluate to the turbulent flame speed.
The good agreement between the LHS of Eq. (6.4) and the turbulent flame speed observed in Figure 6.14(b)
satisfies a consistency check for the turbulent flame speed expression given by Eq. (6.3).
Figure 6.15 plots the variation in the turbulent flame speed normalized by the laminar flame speed ST /SL
with the turbulence intensity v′c/SL. Data is plotted for two values of Markstein numbers,M = 0.05(>Mc)
in the subcritical andM = 0.033(<Mc) in the supercritical regime. For low intensities (v′c/SL < 1) ST /SL
follows a quadratic scaling with intensity of the form
ST
SL
= a+ b
(
v′c
SL
)2
(6.5)
in both the sub- and supercritical regimes. A primary reason for the increase in ST with increasing values of
v′c/SL is the corresponding increase in flame surface area occurring as a result of increased flame corrugation.
To observe this, we calculate the mean flame area Af for M = 0.05, 0.033 and plot its variation with v′c/SL
in Fig. 6.16. As v′c/SL increases, Af increases in a quadratic fashion in both regimes. From the definition
of turbulent flame speed, Eq. (6.1), it is clear that an increase in Af will cause a similar increase in ST
and therefore, a quadratic scaling for Af leads to a similar scaling for ST . Such quadratic scaling of ST
is consistent with our earlier findings [62, 108] in the subcritical regime. In the supercritical regime, close
to laminar conditions (v′c/SL → 0), data for both turbulent flame speed and mean flame area start at
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Figure 6.15: Variation of the turbulent flame speed ST /SL with turbulence intensity v
′
c/SL for two values of
Markstein numbers. Also shown are quadratic fits of the form a+ b(v′c/SL)
2 at low intensities and sub-linear
fits of the form C(v′c/SL)
n at moderate to high intensities.
values that are greater than the laminar flame speed SL and area of the planar flame A respectively. This
enhancement is due to the DL instability which causes the laminar flame to attain a corrugated cusp-like
shape, with area and propagation speed greater than a planar flame. Interaction of the cusp-like flame with
turbulence further increases flame area, and therefore propagation speed, beyond laminar values that are
attained owing to the DL instability.
At higher values of intensity (v′c/SL > 1), it can be seen from Fig. 6.15 that the quadratic scaling is no
longer valid. ST /SL starts to follow a sublinear scaling of the form C(v
′
c/SL)
n with the exponent n = 0.31
in the sub- and n = 0.26 in the supercritical regime. Such a sublinear scaling can again be attributed
to Af , which too follows a sublinear scaling, as seen in Fig. 6.16, but with higher exponents, n = 0.48
(sub-) and n = 0.39 (supercritical). From Figs. 6.2 and 6.3, we have seen that at such higher intensities
pockets of unburned gases start to detach from the flame’s surface and get consumed rapidly. The top half
of Fig. 6.17 illustrates the process of flame folding (A-B), pinching off of a pocket from its surface (C-D)
and its consumption (E-F). Detachment and rapid consumption of pockets causes a sharp decrease in flame
area, as seen in the plot of Af with time in the bottom half of Fig. 6.17. Such sharp decrease in Af , due to
flame pockets, occurs frequently at higher intensities, leading to the switch from an ever-increasing quadratic
scaling of Af to a sub-linear scaling. Similar conclusions about the role played by flame surface area in the
sublinear scaling of ST were obtained by Filatyev et al. [50] in their experimental study of turbulent CH4-air
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flames on a slot Bunsen burner.
Figure 6.17 also plots the variation in ST with time. Though ST closely follows the variation in Af , its
value is lesser than Af , indicating that the turbulent flame speed cannot be solely determined by measuring
the flame surface area. This can also be inferred from the definition of ST , Eq. (6.1), which indicates that
the local flame speed Sf of each segment of the corrugated flame also plays a role in determining ST . In
addition, we have observed that the scaling exponents in the sublinear scaling of Af are greater than those
in the scaling of ST . To investigate this further, we calculate an average value of the local flame speed, which
is obtained by averaging the local flame speed of each segment of the turbulent flame, Eq. (2.7), over the
entire corrugated flame surface. It is given by
S˜f = lim
T→∞
1
T
∫ T
0
lim
Af→∞
{
1
Af
∫ ∫
Sf dAf
}
dt
= SL −L K˜ (6.6)
where ϕ˜ denotes average of the quantity ϕ over the flame surface. From its definition it is seen that the
average local flame speed S˜f depends on mean stretch rate K˜, or on its constituents, mean hydrodynamic
strain K˜s and mean flame curvature κ˜. These are plotted in Fig. 6.18 as a function of turbulence intensity.
For all values of v′c/SL the flame is subjected to mean positive straining. The mean curvature contribution
69
A B C D E F G H I J K 
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
23.04 23.06 23.08 23.1 23.12 23.14
t
A
C
E F
H
K
Af/A
ST/SL
Sf/SL
Figure 6.17: The flame area Af/A, turbulent flame speed ST /SL and local flame speed Sf/SL as a function
of time. The letters correspond to the different snapshots of the flame that illustrate the process of folding
and pocket formation; for v′c/SL = 1.6 and M = 0.05.
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is almost zero at low intensities and reaches a negative value, much smaller in magnitude than mean strain,
at higher intensities, resulting in mean positive stretching of the flame for all turbulence intensities. This
behavior is consistent with reported experimental measurements of mean flame curvature and strain [50],
and contrary to certain theoretical formulations [123] where the effect of strain was considered to be of minor
importance.
At low to moderate intensities, we notice that mean stretch increases with turbulence intensity, resulting
in lower values of S˜f . At sufficiently high values of v
′
c/SL(> 1.5), the increase in stretch rate with turbulence
intensity slows down and shows a bending behavior. It should be noted that in Fig. 6.18 (on the right)
the linear fit used for K vs. v′c/SL data, for v′c/SL > 1.5, is for a clear illustration of the bending behavior
and does not imply a linear relation between flame stretch and turbulence intensity in this regime. As
a result, average local flame speed exhibits a bending behavior. One of the earliest suggestions of such
leveling/bending behavior of local flame speed was presented by Joulin [124] who examined the linear response
of a premixed flame to curvature and stretch of known strengths and frequency using a constant density
model and concluded that as the frequency of forcing increased beyond the reciprocal of transit time across
the flame or flame time, given by lf/SL, the local speed became less and less sensitive to stretch. Chen and
Im [107, 125] via two-dimensional DNS studies of premixed CH4-air and H2-air turbulent flames concluded
that as the eddy turnover time or turbulence time, given by `/v′c, became short compared to the flame time
at high turbulence intensities, the flames became less responsive to unsteady straining. Identical conclusions
were obtained in recent experiments conducted by Weiß et al. [126] on spherically expanding CH4-air, C3H8-
71
air and H2-air flames and by Daniele et al. [127] on dump-stabilized axisymmetric syngas (H2-CO blends)
flames.
Going back to Fig. 6.17, we observe that the local flame speed Sf is lesser than the laminar flame speed
Sf/SL < 1, which is a consequence of positive flame stretching. This reduced local flame speed Sf , which
multiplies the flame area in the definition of ST , is the reason for lower values of instantaneous turbulent
flame speed when compared to flame area. The decrease in average local flame speed S˜f with increasing
intensity contributes to the lower values of exponents in the scaling of ST in Fig. 6.15 compared to Af in
Fig. 6.16. A common practice in experimental studies is to multiply the area of various segments comprising
the flame surface by the laminar flame speed SL instead of the local flame speed Sf , i.e., accounting for the
increase in flame area but neglecting the effects of stretch on the turbulent flame speed. This will result in
ST following a scaling identical to that of Af , resulting in an over-estimation of the turbulent flame speed.
Indeed, numerous studies [43, 66, 113, 123, 128, 129] have reported scaling laws for for the turbulent flame
speed with exponent n ≈ 0.4 − 0.5 which agree with our scaling of the mean flame area Af for v′c/SL > 1.
The fact that ST cannot solely be determined by the increase in flame area, and the local flame speed of
each turbulent flame segment, which is a function of mixture/flow properties and not equal to SL, plays an
equally important role in determining ST has been stressed upon by the DNS studies of Haworth and Poinsot
[121], Poludnenko and Oran [11]; experiments of Kido et al. [130], Nakahara and Kido [131], Venkateswaran
et al. [132, 133, 134] and other groups [126, 127, 135].
Next, we would like to examine the scaling of turbulent flame speed with turbulence intensity. At low
values of intensity (v′c/SL < 1), we observe in Fig. 6.15 that ST follows a quadratic scaling law in the sub-
and supercritical regime, given by
ST
SL
= a+ b
(
v′c
SL
)2
. (6.7)
In chapter 5 (see also [108]), a detailed examination of the sub-critical regime was performed, which showed
that for this regime the constant a = 1 and b turned out to be a function of the various system parameters,
namely σ, ` and M. A scaling law for ST in the sub-critical regime was formulated, given by
ST
SL
=
[
1− L K˜s
SL
]{
1 + b(σ, `,M)
(
v′c
SL
)2}
. (6.8)
In the supercritical regime, we have seen that as v′c/SL → 0, the turbulent flame speed approaches U/SL,
which is the propagation speed of the corrugated flame shape attained due to the DL instability. Therefore,
the constant a = U/SL in the supercritical regime. The dependence of b on various system parameters will
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Figure 6.19: Variation of the turbulent flame speed scaled with the average local flame speed ST /S˜f with
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need to be determined by a parametric study similar to the one in chapter 5 and will be discussed in the
next chapter.
As intensity is increased further (v′c/SL > 1), ST follows a sublinear scaling of the form
ST
SL
=

C(v′c/SL)
0.31 M >Mc
C(v′c/SL)
0.26 M <Mc
(6.9)
where C is just a representative constant. Its functional dependence on system parameters, in both the
regimes, will be the subject of the next chapter. The scaling exponents for the sub- and supercritical
regimes are fairly close to each other, suggesting a diminished influence of the instability. However, when the
Markstein numberM is decreased from a subcritical value to a supercritical value, in addition to triggering
the instability mechanism, it also changes the value of Sf , the effects of which are included in the definition
of ST . Therefore, in order to eliminate the effect of variations in Sf , another possible way to normalize the
turbulent flame speed is via the averaged local flame speed S˜f instead of the unstretched laminar flame speed
SL. Daniele et al. [127] have shown that such rescaling eliminated the effect of different fuel compositions
and data at the same pressure collapsed on to a single curve, primarily highlighting the effect of the DL
instability. Collapse of turbulent speed data of different H2/CO blends at the same pressure to a single curve
was also obtained in the experiments of Venkateswaran et al. [133, 134] by rescaling ST with the maximum
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laminar burning velocity over all stretch rates, SL,max. In the present context, a fixed value of Markstein
number (or length) can be interpreted as a fixed value of system pressure.
Fig. 6.19 shows variation of ST /S˜f with turbulence intensity. The behavior of ST /S˜f is similar to ST /SL
in Fig. 6.15, except that with increasing intensity the decrease in the DL instability effects is clearly evident,
consistent with the behavior of the flame topology and its statistics examined earlier. At v′c/SL ≈ 2, the sub-
and supercritical curves appear to merge and follow a single scaling thereon. Such behavior further supports
the existence of a highly turbulent regime where the effects of the DL instability have been completely
overshadowed by turbulence. Al-Shahrany et al. [136] obtained an estimate of the DL enhancement to the
turbulent flame speed based on experimental data for turbulent C8H18-air spherically expanding flames and
suggested that the DL enhancement disappeared at v′c/SL ≈ 3. At low intensities (v′c/SL < 1), ST /S˜f follows
a quadratic scaling in both the sub- and supercritical regimes. Beyond v′c/SL = 1, the scaling changes to a
sublinear power law kind, with different exponents for the two regimes: nsub = 0.51 > nsup = 0.35, indicating
that when the DL mechanism is active (supercritical), the flame is less sensitive to the incoming turbulence
as compared to when it is inactive (subcritical). Similar behavior was observed in our earlier study with a
stochastic Michelson-Sivashinsky equation that mimicked turbulent flame propagation [1] and was termed as
resilience to turbulence. Chaudhuri et al. [123] via spectral closure techniques and self similarity arguments
have also shown the existence of two scaling laws for ST due to instability effects. They also point out that
DL effects weaken at high intensities, causing the two scalings to merge into one. Identical conclusions about
DL instability effects on ST were obtained in the recent experiments of Troiani et al. [113] with turbulent
C3H8-air Bunsen flames.
We observe that for v′c/SL > 1, scaling of ST /S˜f with turbulence intensity is very close to the scaling of
Af/A with v
′
c/SL, indicating that the turbulent flame speed can be expressed as
ST = S˜f
Af
A
. (6.10)
By writing ST in the form given above, we conclude that the flame area is statistically independent of the
stretch rate experienced by the flame. This is in line with the conclusions of the DNS of constant density
G - equation in an isotropic, homogeneous field of turbulence [5] which showed that strain rate at the
flame surface was statistically independent of the flame area. Therefore, the sublinear scaling law for ST at
moderate to high turbulence intensities can be re-written as
ST
SL
= C
[
1− L K˜
SL
](
v′c
SL
)n
(6.11)
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with nsub = 0.51 and nsup = 0.35. The factor S˜f = [1 −L K˜/SL] incorporates the effects of flame stretch
in the definition for ST and has been referred to in the literature as a stretch prefactor [9, 58, 135, 137]. As
mentioned before, the scaling of n = 0.51 in the subcritical regime matches well with numerous scalings for
ST reported in the literature that were obtained from experiments, theory and simulations. For mixtures
with L ∼ 0, turbulent flame speed can be well estimated by measuring the increase in the surface area of
the flame. For mixtures with L 6= 0 failure to account for the effects of stretch can lead to either over-
(L > 0) or under-estimation (L < 0) of the turbulent flame speed.
6.3 Effect of flame on the flow field
To examine the effect of the flame on the flow field it is instructive to consider the vorticity equation
Dω
Dt
= (ω · ∇)v − ω(∇ · v) + 1
ρ2
(∇ρ×∇p) +∇×
(
1
ρ
∇ · µΣ
)
(6.12)
where ω = ω k is the vorticity vector. The first and third term on the right hand side correspond respectively
to vorticity generation due to vortex stretching, which is absent in the two-dimensional flow considered here,
and through the baroclinic torque mechanism caused by the misalignment of the density gradient and
local pressure gradient at the flame. The second and fourth term on the right hand side of the vorticity
equation correspond respectively to vorticity destruction by volumetric expansion, whereby the vorticity in
the incoming flow is spread over a greater volume in the burned gas, and to vorticity destruction by viscous
diffusion (of little significance near the flame). The destruction of vorticity due to volumetric expansion and
its production through the baroclinic torque mechanism are therefore the most significant contributions in the
present context. Creta and Matalon [62] have shown that in the sub-critical regime destruction of vorticity
via volumetric expansion is predominant because the fluctuating flames are nearly flat and the baroclinic
mechanism is ineffective. In super-critical regime both volumetric destruction and baroclinic production
mechanisms are active, with the latter playing an increasing role as Markstein number is continuously
decreased below criticality.
To determine the extent of vorticity production/destruction in the highly turbulent regime, we have
monitored the mean value of the magnitude of vorticity, obtained by averaging ω in time and in the trans-
verse direction. Figure 6.20 plots the value of |ω|, suitably rescaled with its value at the edge of the
flame brush towards the reactants |ω1|, for two Markstein numbers M = 0.057(>Mc, subcritical), 0.018(<
Mc, supercritical). At low intensities, for M = 0.057, vorticity is suppressed across the flame due to vol-
umetric expansion whereas for M = 0.018 there is vorticity production via the baroclinic mechanism. As
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Figure 6.20: Ratio of mean value of vorticity to mean value calculated at the edge of flame brush towards
the reactants, across turbulent flames, parametrized with increasing values of v′c/SL for two values of M.
The mean location of the flame is held at y = 1, marked by the dashed line.
turbulence intensity increases, suppression of vorticity across the flame for M = 0.057 starts to decrease.
This is indicative of a decrease in influence of the flame on turbulent flow. Hamlington et al. [138] per-
formed a three-dimensional DNS study of H2-air turbulent flames for a wide range of turbulence intensities
(v′c/SL = 2.45 − 30.6) and examined the flame turbulence interaction. Similar reduction in vorticity sup-
pression across the flame brush with increasing intensity was observed in their results. For M = 0.018, in
the supercritical regime, the behavior is a little different. With increasing intensity (v′c/SL = 0.5, 0.8, 1.4),
vorticity production across the flame via the baroclinic mechanism starts to decrease. At sufficiently high
intensities (v′c/SL = 2.4) there appears to be no evidence of vorticity production across the flame. This
behavior is consistent with the reduction in DL instability effects with increasing intensity. As intensity
is increased further (v′c/SL = 3.0, 3.6), vorticity across the flame starts to increase, similar to the subcrit-
ical case and consistent with the nature of the highly turbulent regime, where flame behavior is primarily
turbulence dominated.
Similar to vorticity, we also monitored mean value of the magnitude of strain rate tensor E obtained
by averaging the E field in time and transverse direction. Figure 6.21 shows the E and ω field for a
hydrodynamically unstable laminar flame. There exists a region of high strain immediately downstream of
the flame front, caused by acceleration of gases through the flame i.e. under the action of the ∇ · v source
term. Further downstream, we notice strain production around the highly curved cusp of the flame, similar
to vorticity generation via the baroclinic torque mechanism. A transport equation for the strain rate tensor
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Figure 6.21: Strain rate magnitude E = (EijEji)
1/2 and vorticity ω fields for a laminar hydrodynamically
unstable flame. The parameters are σ = 5,M = 0.018.
E can be derived by taking the spatial derivatives of the momentum equation. The derivation procedure is
described in the Appendix. The equation in indicial notation is given by
DEij
Dt
= −EikEkj − 1
4
(ωiωj − δijωkωk)− 1
ρ
∂2p
∂xi∂xj
+ ν
∂2Eij
∂xk∂xk
+
1
2ρ2
(
∂p
∂xi
∂ρ
∂xj
+
∂p
∂xj
∂ρ
∂xi
)
+ ζ (6.13)
where ζ represents the effects of viscosity gradients. The complete form of the term ζ can be seen in
Eq. (A.6). The first three terms on the right hand side of Eq. 6.13 represent self-interaction, effects of
local vorticity, local and non-local action through the pressure field and viscous diffusion. These are of the
same form as in the non-reacting (constant density) case, but are influenced by reaction through changes
in the velocity, density, viscosity, and pressure fields. The last two terms arise due to density and viscosity
gradients associated with combustion. For the non-reacting case the behavior of the terms involved in the
rate of strain transport equation was examined by Nomura and Post [139] using DNS of decaying isotropic
turbulence. For the reacting case, the dynamics of the strain rate was examined by Hamlington et al. [138]
via three dimensional DNS of H2-air flame. In the reacting case, dilatation and the influence of heat release
on the vorticity field affect strain-rate transport. Therefore, we observe a strong resemblance between the
E field and the ω field downstream of the flame, as seen in Fig. 6.21. Figure 6.22 plots the behavior of E,
suitably rescaled with its value at the edge of the flame brush towards the reactants E1, across the flame for
M = 0.057(> Mc, subcritical) and M = 0.018(< Mc, supercritical). Following the discussion presented
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Figure 6.22: Ratio of mean value of E to mean value calculated at the edge of flame brush towards the
reactants, across turbulent flames, parametrized with increasing values of v′c/SL for two values of M. The
mean location of the flame is held at y = 1, marked by the dashed line.
in Hamlington et al. [138], E can be decomposed as E = Ef +ET , where Ef is the contribution due to the
flame and ET due to turbulence. Ef embodies effects of non-zero divergence or fluid expansion across the
flame for all values of M, both sub- and supercritical, and additional effects owing to vorticity generation
across the flame in the supercritical regime. This is clearly evident in Fig. 6.22. For low intensities and both
values of Markstein numbers, the E/E1 curve peaks close to the flame location, indicative of the effects of
fluid expansion. Downstream of the flame, the behavior is different for the two Markstein numbers. The
curve continues to decay for M = 0.057, while for M = 0.018 effects of the production mechanism can be
seen. As turbulence intensity increases, fluid expansion effects start to decrease for both regimes, evident by
decrease in height of the peak close to the flame. In the subcritical regime, the behavior of E after the flame
is controlled by turbulence and it increases with increasing intensity. These results are consistent with those
reported by Hamlington et al. [138]. In the supercritical regime, the trends are similar to those observed
for vorticity in Fig. 6.20. The production mechanism weakens with increasing intensity and at high enough
intensities, the behavior becomes completely turbulence dominated causing E after the flame to increase
with turbulence intensity.
6.4 Summary
The key results from this chapter can be summarized as follows,
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• An improved interface tracking scheme, allowing for multivalued and disjointed representations of the
flame surface, is used to examine premixed turbulent flame propagation using the hybrid numerical
scheme. Turbulence intensities spanning both the wrinkled and the corrugated flamelets regime are
considered.
• In addition to the DL instability free subcritical and the DL instability dominated supercritical regimes
of turbulent flame propagation identified in chapter 5, a highly turbulent regime is identified where the
influences of the DL instability progressively decrease and play limited to no role in flame propaga-
tion. The three regimes of turbulent flame propagation are further delineated by statistical properties
of various flame characteristics, including the turbulent flame brush thickness, flame curvature and
hydrodynamic strain.
• Examining the variation of turbulent flame speed showed that its scaling with turbulence intensity,
in both the sub- and supercritical regimes, is quadratic at low intensities and changes to a sublinear
power law at moderate to high intensities. Coupled effects of decrease in flame area due to pocket
formation and in local flame speed due to positive stretching were identified as the cause of this change
in scaling from quadratic to sublinear.
• Current calculations show that the turbulent flame speed depends on both the flame area and the local
flame speed, which is not equal to the laminar flame speed and varies with the underlying hydrodynamic
stretch rate. It can be written as the product of a flame surface averaged local flame speed and mean
flame area,
ST = S˜f
Af
A
.
We show that assuming the local flame speed equal to the laminar flame speed and estimating the
turbulent flame speed as the increase in mean flame area over the laminar flame leads to an over-
prediction of turbulent flame speed for mixtures with positive Markstein lengths.
• The Darrieus-Landau (DL) instability is found to influence turbulent flame propagation at moderate
values of turbulence intensity as well, leading to different scalings of the turbulent flame speed in the
sub- and supercritical regimes. Its effects diminish with increasing intensities and for the Markstein
numbers considered here, the effects seem to diminish completely close to an intensity of v′c/SL ≈ 2,
marking the start of the highly turbulent regime.
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• A quadratic scaling law for the turbulent flame speed was proposed at low intensities, given by
ST
SL
= a+ b
(
v′c
SL
)2
with a = 1 in the sub- and a = U/SL in the supercritical regimes. The dependence of b on various
system parameters has been shown in chapter 5 for the subcritical regime and will be examined in
the next chapter for the supercritical regime. At moderate to high intensities, the law changed to a
sublinear one, given by
ST
SL
= C
[
1− L K˜
SL
](
v′c
SL
)n
(6.14)
with n = 0.51 in the sub- and n = 0.35 in the supercritical regimes.
• The effect of the flame on the flow field is examined in terms of the magnitude of vorticity and strain
rate across the flame averaged in the transverse direction and in time. The following are observed
– In the subcritical regime vorticity is suppressed across the flame due to gas expansion. As turbu-
lence intensity is increased, vorticity in the burned gases increases.
– In the supercritical regime, at low intensities, DL instability effects cause vorticity generation in
the burned gas via the barotropic mechanism. As intensity is increased, vorticity generation in
the burned gases decreases, indicative of the decrease in DL instability effects. At sufficiently high
intensities vorticity in the burned gases starts to increase with intensity, similar to the subcritical
case. This is consistent with the nature of the turbulence dominated highly turbulent regime.
– There exists a region of high strain immediately downstream of the flame front, caused to due
gas expansion, for both sub- and supercritical cases. There is additional strain production in the
burned gases for the supercritical case due to the DL instability via vorticity generation.
– As intensity is increased, strain immediately downstream of the flame decreases and the strain in
the burned gases increases for the subcritical case.
– In the supercritical case an increase in intensity causes a decrease in strain immediately down-
stream of the flame and in the burned gases, indicative of decreasing DL effects. At sufficiently
high intensities, strain in the burned gases starts to increase with intensity, similar to the subcriti-
cal regime and consistent with the common behavior of the turbulence dominated highly turbulent
regime.
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Chapter 7
Turbulent flame speed scaling and
comparison with experiments
In this chapter we perform a parametric study similar to the one in chapter 5. Attention is focussed on the
supercritical regime at low intensities and on both sub/supercritical regimes at moderate to high intensities.
This chapter is organized as follows. First we examine the effect of varying the system parameters, namely
turbulence intensity (v′c/SL), Markstein number (M = L /L), thermal expansion coefficient (σ = ρu/ρb) and
the integral length scale (`/L) on turbulent flame speed ST . The range of system parameters considered are
as follows: v′c/SL ∼ 0.1− 4, M∼ 0.057− 0.018 (encompassing values above and below Mc), σ ∼ 2− 6 and
`/L ∼ 0.1− 0.7 (also summarized in table 7.1). Next we propose scaling laws for ST , explicitly taking into
account effects of all the system parameters. Finally, we compare our results to various reported experimental
measurements and scaling laws.
σ M v′c/SL `/L
2 - 6 0.057 - 0.018 0.1 - 4.0 0.1 - 0.7
Table 7.1: Range of various parameters considered for simulation.
7.1 Effect of turbulence intensity
We have seen in chapter 6 that the variation of turbulent flame speed ST with turbulence intensity v
′
c/SL
follows different scaling laws depending on the magnitude of v′c/SL. At low intensities, increase in turbulent
flame speed with increasing intensity is primarily the result of increasing flame surface area. This results in
a quadratic scaling of the form
ST
SL
= a+ b
(
v′c
SL
)2
(7.1)
for turbulent flame speed, consistent with classical results [2, 51, 52]. As intensity is increased, the flame
starts to fold on itself and pockets of unburned gases break off from the flame, slowing down the increase in
flame area. This slowdown, combined with increased positive flame stretching at high intensities leads to a
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Figure 7.1: Variation of (a) ST /SL and (b) ST /S˜f with turbulence intensity v
′
c/SL parametrized with the
Markstein number. Also shown are quadratic fits at low intensities and sublinear fits of the form C(v′c/SL)
n
at high intensities.
sublinear power law type scaling of the form
ST
SL
= C
(
v′c
SL
)n
(7.2)
with n < 1. Figure 7.1(a) shows the variation of ST /SL with v
′
c/SL for different Markstein numbers,
covering both the sub- and supercritical regimes. Data is presented for thermal expansion coefficient σ = 5
and turbulence integral length scale `/L = 0.1. Both the quadratic and sublinear scalings of turbulent flame
speed are clearly visible.
As Markstein number is varied, in the sub- or supercritical regime, it changes the value of local flame
speed Sf = SL−LK. When the Markstein number changes from a sub- to a supercritical value, in addition
to changing Sf , it triggers the DL instability mechanism which affects turbulent flame propagation and the
turbulent flame speed, as shown in chapters 5 and 6 (see also [1, 62, 108]). As discussed in chapter 6, in an
attempt to eliminate the effect of variations in Sf and highlight the effects of the DL instability, turbulent
flame speed was normalized with an average local flame speed S˜f = SL−L K˜, where ·˜ indicates average of a
quantity over the flame surface and in time, instead of the unstretched laminar flame speed SL. Figure 7.1(b)
plots the variation of ST /S˜f with v
′
c/SL for different Markstein numbers. At low intensities (v
′
c/SL . 1)
the ST /S˜f follows a quadratic scaling similar to Eq. (7.1). Also, clearly visible at low intensities is the
enhancement in speed due to the DL instability. At moderate to high intensities (v′c/SL & 1) the quadratic
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scaling changes to a sublinear scaling of the form given by Eq. (7.2), with scaling exponents n varying as a
function of the Markstein number. In particular, the supercritical exponents are lesser than the subcritical
ones nsup < nsub, indicative of the effects of the DL instability on ST , consistent with our earlier observations
based on the stochastic MS model [1]. Experiments of Troiani et al. [113] with turbulent Bunsen flames and
theoretical considerations of Chaudhuri et al. [123] also revealed different scalings of ST with turbulence
intensity depending on whether the instability mechanism was active or not.
At sufficiently high intensities (v′c/SL ∼ 2) the effects of the instability seem to diminish, and the sub-
and supercritical scalings of M = 0.057, 0.05 and M = 0.033 appear to merge into one. We have identified
this as a highly turbulent regime in chapter 6, where flame propagation is primarily governed by turbulence.
Existence of such a regime was noted in the theoretical study by Chaudhuri et al. [123]. The experiments
of Bradley et al. [56], Al-Shahrany et al. [136] with expanding spherical flames also suggested the existence of
such a turbulence dominated regime. For the cases with Markstein numbersM = 0.027, 0.018, we anticipate
the merging of the sub- and supercritical scalings or the start of the highly turbulent regime at intensities
v′c/SL > 2. This alludes to an increased resilience or robustness of flames in the supercritical regime towards
the incoming turbulence as Markstein number is decreased. This shall be clarified further in one of the
forthcoming sections.
7.2 Effect of Markstein length
Figure 7.1(a) indicates a clear dependence of ST on Markstein number M. We examine this dependence
further in this section. Data is presented in this section for σ = 5, for which the critical Markstein number
Mc = 0.0454 and integral length scale `/L = 0.1. Figures 7.2(a) and 7.2(b) plot the variation in turbulent
flame speed as M−1 or M changes from sub- to supercritical values for different intensities respectively. In
this section we will be discussing the scaling in terms of M−1, in order to maintain consistency with the
discussion in chapter 5. In the laminar case the flame propagates at the laminar flame speed SL in the
subcritical regime (M−1 <M−1c ). In the supercritical regime (M−1 >M−1c ), the DL instability becomes
active causing the flame to attain a corrugated shape and propagate at a speed greater than SL, indicated by
the dashed line in Fig. 7.2. In the turbulent case, at low intensities (vc/SL = 0.3) in the subcritical regime,
turbulent flame speed exhibits a linear dependence on M−1 of the form (ST /SL − 1) ∼ M−1, consistent
with the observations in chapter 5 (see also [1, 108]). In the supercritical regime, ST /SL follows a sublinear
scaling of the form ST /SL ∼M−n, with n = 0.14 and is very close to the propagation speed of the unstable
laminar flame, given by the dashed line in Fig. 7.2(a). This behavior is again consistent with the results
from our earlier studies with the forced MS equation [1] and with the current hybrid methodology [62]. As
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Figure 7.2: Variation of the turbulent flame speed ST /SL with (a) inverse Markstein number M−1 and (b)
Markstein numberM, parametrized with increasing values of turbulence intensity. The bifurcating solution
under laminar conditions is shown with dashed lines.
turbulence intensity increases (v′c/SL = 0.8), a linear scaling withM−1 is observed in the subcritical regime
and a sublinear scaling, with exponent n = 0.26 in the supercritical regime. However, the transition from
a linear to a sublinear scaling occurs at a smaller value of M−1, when compared to v′c/SL = 0.3. Upon
increasing the intensity further (v′c/SL = 1, 4), we observe that a common sublinear scaling with n = 0.3 is
followed in both the sub- and supercritical regime.
Akkerman and Bychkov [140], in their theoretical investigation of the velocity increase of a weakly
turbulent flame due to DL instability, also observed that ST remained very close to the propagation
speeds of the laminar unstable flame at low intensities. Similar conclusion was obtained in the recent
two-dimensional Direct Numerical Simulation (DNS) of a H2-air flame subjected to weak turbulence inten-
sities (v′c/SL = 0.005− 1.0) performed by Valiev et al. [141]. They presented their data in terms of inverse
of the domain size and obtained a plot similar to that of ST /SL with M in Fig. 7.2(b). Chaudhuri et al.
[129] presented experimental turbulent speed data of expanding spherical flames for the following fuels: H2,
CH4, C2H4, C4H10, C8H18 and C2H6O (di-methyl ether), subjected to intensities v
′
c/SL = 1.26 − 26. Ex-
perimental conditions were chosen such that Markstein lengths were positive and the DL instability was
absent. Turbulent flame speed was found to follow a sublinear scaling with Markstein length, with a scaling
exponent n = 0.45. Venkateswaran et al. [132] in their experiments with turbulent Bunsen flames using H2 -
CO blends subjected to intensities as high as v′c/SL = 100, observed that as Markstein lengths became more
negative, achieved by increasing the percentage of H2 in the fuel, higher values of turbulent flame speeds
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Figure 7.3: (a) Variation of the turbulent flame speed ST /SL with turbulence intensity v
′
c/SL, parametrized
with increasing values of thermal expansion coefficient σ. Data is shown for two values of Markstein number
M = 0.057, 0.027. (b) Variation of ST with σ for M = 0.027 and three values of v′c/SL.
were observed at a fixed value of intensity. They attributed the increase in turbulent flame speed to varied
stretch sensitivity of the reactants. This is consistent with current results where a decrease in Markstein
length (corresponding to an increase inM−1) leads to higher Sf , a varied response to the same stretch rate,
and hence higher ST values at a fixed value of v
′
c/SL.
7.3 Effect of thermal expansion
We observed in chapter 5 (see also [62, 108]) that at low intensities in the subcritical regime, ST increases
with thermal expansion coefficient σ and reaches a plateau for high values of σ (Fig. 5.7(b)). In the current
study we proceed to examine the effects of thermal expansion at higher intensities in the subcritical regime
and at moderate to high intensities in both sub/supercritical regimes. Effect of thermal expansion at low
intensities in the supercritical regime will be dealt with in one of the forthcoming sections. Figure 7.3(a)
shows the effect of varying σ on ST for moderate to high values of intensity, 0.8 ≤ v′c/SL ≤ 2. Data is
presented for two values of Markstein numbers, M = 0.057 in the sub- and M = 0.027 in the supercritical
regime and turbulence integral length scale `/L = 0.1. We see that for v′c/SL = 0.8 and higher, in the
subcritical regime, variation in σ has little or almost no effect on ST . Peters et al. [70] examined the effects
of thermal expansion on turbulent flame speed via a level set equation incorporated with a Sivashinsky type
integral source term at three intensity values (v′c/SL = 0.67, 1.5, 3) and observed a reduction in thermal
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expansion effects at high intensities. In the supercritical regime, ST clearly increases with σ and the factor
C in the sublinear scaling for moderate to high intensities, ST /SL = C(v
′
c/SL)
n, turns out to be a factor of
σ, C = C(σ). Figure 7.3(b) plots the variation of ST with σ for M = 0.027 and three values of intensity.
The data plotted here for different values of σ is obtained by using the sublinear scaling C(σ)(v′c/SL)
0.3 at
each value of σ, and is hence shown with open symbols. This figure effectively visualizes the function C(σ).
For the values of the thermal expansion coefficient considered in the present calculation, the variation of ST
with σ is fairly linear and it increases by about 8− 9% from σ = 2 to σ = 6.
7.4 Effect of integral length scale
Very few studies in the literature have directly focussed on the effects of variation of the integral length scale
of turbulence on the turbulent flame speed. One of the earliest experimental studies that directly focussed
on the effects of the integral length scale was by Ballal and Lefebvre [142]. In their experiments with C3H8-
air flames, they managed to create regions where the turbulence intensity was almost constant, but the
integral length scale varied over a fairly wide range. Three distinct regimes of low, intermediate and strong
turbulence were identified in which the turbulent propagation speed respectively increased, was unaffected
and decreased with turbulence integral scale. Lipatnikov and Chomiak [58] in their extensive review discuss
the available experimental literature that consider the effects of integral length scale on turbulent flame
speed and conclude that the available data is scanty and contradictory. Aldredge and Williams [104], using
perturbative techniques, studied the behavior of an unconditionally stable planar flame interacting with low
intensity turbulence and showed the existence of a particular length scale which perturbed the flame most
effectively causing the turbulent flame speed to reach a maximum. Speeds at all other scales greater and
smaller than that scale were found to be lesser. Existence of such a scale was also observed via the stochastic
MS model [1] for weak thermal expansion and in an earlier study by Creta and Matalon [62] for realistic
values of thermal expansion using the current hybrid methodology. The existence of such a scale has also
been shown in chapter 5 (Fig. 5.9) for the subcritical regime.
Figures 7.4 and 7.5 present the variation of the turbulent flame speed with the integral length scale at
intensities v′c/SL = 0.3, 1.0 respectively. Also plotted is an amplification factor, which is defined as the ratio
of the turbulent flame speed at a particular length scale to the turbulent flame speed at ` = 0.1, given by
χ(`,M) = ST /SL
(ST /SL)`=0.1
(7.3)
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Figure 7.4: Variation in turbulent flame speed with integral length scale of turbulence, shown for three
values of Markstein number M = 0.05 (subcritical), 0.033, 0.022 (supercritical) and turbulence intensity
v′c/SL = 0.3. Also shown in the amplification factor χ(`,M). Data is presented for σ = 5.
In chapter 5 we have accounted for the effect of scale via a similar amplification factor, that was defined as
χ′(`,M) = ST /SL − β/SL
(ST /SL)`=0.1 − β/SL (7.4)
where β = SL in the sub- and β = U in the supercritical regime. Such a definition was adopted in order
to extract the dependence of the factor b in the quadratic scaling of the turbulent flame speed ST /SL =
a+ b (v′c/SL)
2 on turbulence integral scale. It is related to the factor given by Eq. (7.3) as follows
χ′ = χ
{
1− β/ST
1− β/(ST )`=0.1
}
(7.5)
In the current section, we will examine the effects of variation of integral length scale in terms of χ(`,M)
and while formulating scaling laws for ST , we will include these effects in terms of χ
′(`,M) in the quadratic
scaling at low intensities and χ(`,M) in the sublinear power law scaling at higher intensities.
A consistent behavior that is observed for different intensities and Marsktein numbers is the existence of
a particular eddy size which most effectively perturbs the flame front, maximizing the turbulent flame speed.
At v′c/SL = 0.3, in the subcritical regime (M = 0.05) the turbulent flame speed attains a maximum at an
integral length scale `/L ≈ 0.6, consistent with earlier findings. As we move into the supercritical regime
(M = 0.033, 0.022), we notice that the amplification of ST at a particular length scale still exists, but asM
decreases it occurs at slightly smaller length scales. Such a behavior can be related to the radius of curvature
of the tip of corrugated flame shapes that are frequently attained by the flame in the supercritical regime
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v′c/SL = 1.0. Also shown in the amplification factor χ(`,M). Data is presented for σ = 5.
under the influence of the DL instability. As M decreases, the tip becomes sharper leading to a decrease
in the radius of curvature. Therefore, a smaller sized eddy is most effective in interacting with the entire
flame. Such behavior was observed via the forced MS equation [1] as well as in an earlier study using the
current methodology by Creta and Matalon [62]. Figure 7.6 plots the results obtained via the stochastic MS
l
U
0 0.1 0.2 0.3 0.4 0.5 0.60.24
0.28
0.32
0.36
0.4
0.122
0.124
0.126
0.128
0.13
0.132
0.003
0.004
0.005
y1 y2 y3
1020γ = 80
U
Figure 7.6: Effect of noise scale ` on the turbulent propagation speed U , from the stochastic MS model [1].
The noise amplitude was kept at v′c = 0.2. The y1-axis corresponds to γ = 80, y2 to γ = 20, and y3 to
γ = 10.
model. The effect of integral length scale on the turbulent propagation speed U is shown. Data is plotted
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Figure 7.7: (a) Variation of ST /U with turbulence intensity v
′
c/SL for σ = 5, parametrized with different
values of Markstein number L /L. (b) Data for σ = 3, 4 and M = 0.027 is also plotted, together with the
curve fits obtained for σ = 5 data.
for three values of the parameter γ = (σ − 1)L/L , where an increase in γ corresponds to a decrease in
Markstein length. As γ increases the scale that maximizes turbulent flame speed shifts to slightly smaller
values. At higher intensities (v′c/SL = 1.0) the amplification seems to shift towards a common integral scale
`/L ≈ 0.4−0.45 for both the sub- and supercritical regimes. We have seen that at such intensities turbulence
effects start to takeover and the effect of the instability diminishes. Turbulence causes flames in both the
sub- and supercritical regimes to attain similar shapes with similar radii of curvature, thus leading to a
common eddy size for both regimes that interacts with the flame with maximum effectiveness.
7.5 Scaling
A scaling law for ST in the subcritical regime at low intensities, highlighting its dependence on various
system parameters, was obtained in chapter 5 (see also [108]) as
ST
SL
=
[
1− L K˜s
SL
]{
1 +
b(σ)χ (`/L,M)
M
(
v′c
SL
)2}
. (7.6)
where K˜s is an average value of strain rate over the entire flame surface. We notice that this law contains the
classical quadratic scaling with turbulence intensity, but in addition contains explicit dependence on other
system parameters - σ, M and `. Now we wish to obtain similar scaling laws for the supercritical regime at
low intensities (v′c/SL . 1) and for both regimes at moderate to high intensities (v′c/SL & 1).
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7.5.1 Supercritical regime, low intensity turbulence (v′c/SL . 1)
As v′c/SL → 0, values of ST tend to laminar propagation speeds of the flame. In the subcritical regime,
with no influence of the DL instability, this value corresponds to the laminar flame speed SL. Under the
influence of DL instability, in the supercritical regime, a laminar flame acquires a cusp-like shape and steadily
propagates at speeds U > SL. In Fig. 7.1(a) ST /SL tends to 1 in the subcritical and to U/SL > 1 in the
supercritical regime. As discussed in chapter 3, U is a function of thermal expansion σ and Markstein number
M. For the Markstein numbers considered here, the values of U are given in Table 7.2. At low intensities,
σ M U/SL
6 0.027 1.238
5 0.04 1.083
0.033 1.137
0.027 1.184
0.022 1.212
0.018 1.263
4 0.027 1.142
3 0.027 1.08
Table 7.2: Laminar propagation speeds of hydrodynamically unstable flames.
ST in the supercritical regime follows a quadratic scaling law of the form ST /SL = a+ b (v
′
c/SL)
2 as shown
in Fig. 7.1(a). It was suggested in chapter 6 that a = U/SL. In order to verify this, turbulent speed data at
different values of M, in the supercritical regime, are rescaled with respective U values and plotted against
v′c/SL in Fig. 7.7(a). We see that data for all values of M at low intensities collapse to a single scaling law
of the form
ST
U
= 1 + b
(
v′c
SL
)2
. (7.7)
Also shown in Fig. 7.7(b), is the ST /U data for thermal expansion coefficients σ = 3, 4 and Markstein
number M = 0.027 together with the curve fits obtained for σ = 5 data in the figure on the left. At low
intensities, the data for σ = 3, 4 collapses to the common quadratic scaling, Eq. (7.7), obtained for σ = 5.
Therefore, in the supercritical regime at low intensities, the dependence of ST on Markstein number and
thermal expansion is the same as that of U . A scaling law for ST in this regime can therefore be formulated
as
ST
SL
=
U(σ,M)
SL
{
1 + b
(
v′c
SL
)2}
(7.8)
where the constant b = 0.32. A further verification of this law is obtained from Fig. 7.8 where the scaling
of Eq. (7.8) is plotted in the supercritical regime for v′c/SL = 0.3 with dash-dotted lines and is found to
represent the simulation data with reasonable accuracy. Finally, the effect of the integral length scale is
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included via the amplification factor χ′(`,M) as discussed in section 7.4, leading to the scaling law
ST
SL
=
U(σ,M)
SL
{
1 + b χ′(`,M)
(
v′c
SL
)2}
. (7.9)
7.5.2 Moderate to high turbulence intensities (v′c/SL & 1)
At higher intensities (v′c/SL & 1) we have seen that the quadratic scaling of ST with intensity, in both sub-
and supercritical regimes, changes to a sub-linear one. Also, a common sublinear scaling with the Markstein
number is attained for both regimes. Therefore, we look for a scaling law of the form
ST
SL
∼ (M)m (v′c/SL)n . (7.10)
Performing a surface fit to turbulent speed data from Fig. 7.1(a) using the above scaling we find that all the
data, both sub- and supercritical, can be well represented by n = 0.32 and m = −0.32, resulting in a scaling
of the form
ST
SL
∼
(
v′c/SL
M
)0.32
. (7.11)
Fig. 7.9(a) replots ST /SL from the current study with the parameter {(v′c/SL)/M}0.32, showing the collapse
of all turbulent speed data to a common scaling. Experimental studies [66, 129] however, have typically
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Figure 7.9: (a) Verification of the scaling law for ST proposed by Eq. (7.11) (b) Verification of the scaling
laws for ST in the sub- and supercritical regimes proposed by Eq. (7.12).
reported slightly higher scaling exponent values of 0.4− 0.5. One typical assumption made in experimental
measurements is that each segment of the corrugated flame propagates at laminar flame speed SL instead
of the stretched flame speed Sf , making the turbulent flame speed equal to area increase of the flame. In
doing so, the effects of flame stretch are neglected leading to over-estimation of turbulent flame speeds and
hence the higher value of exponents. It was shown in chapter 6 that rescaling ST with an average local
flame speed S˜f recovers the scaling followed by the mean flame area together with exponents observed in
experiments. Also, rescaling with S˜f clearly illustrates the effects of the DL instability, as discussed in
section 7.1. Therefore, we look for a scaling of the form given by Eq. 7.10 for the ST /S˜f data of Fig. 7.1(b)
as well. A surface fit to the ST /S˜f data yields n = 0.47,m = −0.47 for the sub- and n = 0.42,m = −0.22 for
the supercritical regimes. Smaller scaling exponents on both the turbulence intensity and Markstein number
in the supercritical regime are indicative of the effects of the Darrieus-Landau instability. Therefore, the
following sublinear scalings can be written for moderate to high intensities (v′c/SL & 1) in the two regimes
ST
SL
∼
[
1− L K˜
SL
]

(v′c/SL)
0.42
M0.22 M <Mc
(
v′c/SL
M
)0.47
M >Mc.
(7.12)
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The above scalings are verified in Fig. 7.9(b) where ST /S˜f data is plotted against (v
′
c/SL)
0.42M−0.22 and
(v′c/SL)
0.47M−0.47 showing the collapse of all the data in the super- (M <Mc) and subcritical (M >Mc)
regimes respectively.
Going back to Fig. 7.7, at moderate intensities, we see that ST /U data for each Markstein number starts
to peel away from the common quadratic scaling and follows an individual sub linear scaling. The turbulence
intensity at which ST /U moves away from the quadratic scaling is a function of the Markstein number: lower
the Markstein number, higher is the value of intensity. This serves as a measure of the resilience or robustness
of the corrugated flame shapes to incoming turbulence. Similar to the behavior at low turbulence intensities,
ST data for σ = 3, 4 and M = 0.027 at moderate to high intensities, when rescaled with U , collapse to the
sublinear scaling corresponding to σ = 5 at the same M. Therefore, at such intensities, in the supercritical
regime, the effect of thermal expansion at a fixed M remains the same as that of U while the effects in the
subcritical regime are negligible as discussed earlier in section 7.3. The variation of ST with σ at a fixed value
of M in the supercritical regime, as shown in Fig. 7.3(b), will therefore be a function of U . Examination of
the data shows that indeed at a fixed value of M (= 0.027), the variation with σ turns out to be a function
of U : 0.4 U when ST is scaled with SL and 0.62 U when ST is scaled with S˜f . In the subcritical regime, the
variation with σ is a constant, equal to 0.46 when ST is rescaled with SL and 0.73 when it is rescaled with
S˜f . Effects of variation of the integral length scale are incorporated via the amplification factor χ(`,M),
as mentioned in section 7.4. Incorporating the effects of thermal expansion and integral length scale, the
scaling laws in Eqs. (7.11) and (7.12) can therefore be rewritten as
ST
SL
∼ C(σ)χ(`,M)
(
v′c/SL
M
)0.32
M ≶Mc (7.13)
ST
SL
∼ C(σ)χ(`,M)
[
1− L K˜
SL
]

(v′c/SL)
0.42
M0.22 M <Mc
(
v′c/SL
M
)0.47
M >Mc
(7.14)
C(σ) =

U/SL M <Mc
1 M >Mc
respectively. Based on the above laws, in order to collapse the data for a given σ andM (<Mc), on to the
σ = 5 data at the same value of M, it needs to be multiplied by U(σ = 5)/U(σ). The data for σ = 3, 4, 6,
M = 0.027, appropriately rescaled by the aforementioned ratio, and M = 0.057 without any rescaling, are
plotted in Fig. 7.10. We can see that it collapses well to the scaling laws given by Eqs. (7.11) & (7.12) for
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Figure 7.10: Collapse of turbulent speed data for σ = 3, 4, 6 on to scaling laws proposed by Eqs. (7.11) &
(7.12) for σ = 5 data.
σ = 5, thus validating the modifications proposed in Eqs. (7.13) & (7.14) to incorporate the effects of varying
the thermal expansion coefficient.
7.6 Comparison with experiments
In addition to being a function of the turbulence intensity, scaling laws for ST obtained from experiments
have typically been represented as functions of nondimensional quantities such as the turbulent Reynolds
number
ReT =
v′c `
SL lf
, (7.15)
the Damkohler number
Da =
SL `
v′c lf
, (7.16)
and the Karlovitz stretch factor
Ka =
v′c lf
SL λ
, (7.17)
where λ is the Taylor scale of turbulence. In order to calculate the non-dimensional quantities mentioned,
we need an estimate of the flame thickness lf , or equivalently of the ratio between the flame thickness and
the hydrodynamic length scale δ ≡ lf/L. Within the context of the hydrodynamic flame model, we treat
the flame with thickness such that δ ≡ lf/L  1. Implicit within the model is the assumption that the
flame thickness is the smallest length scale in the system and turbulence at such scales is not energetic
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enough to interact with the flame. Given that we do not have an exact measure of the flame thickness, or
equivalently δ, a reasonable estimate for it would be a quantity smaller than the smallest resolved length
scale in the system. In the current numerical approach, we focus on accurately resolving only the integral
length scales of turbulence. The smallest length scale that can be resolved will depend on the numerical
resolution used and can at best be 2h, where h is the grid spacing. With a numerical resolution of 64 points
per unit length, the smallest length scale that can be resolved is `/L = 0.03125 and therefore we choose
0.01 as a reasonable estimate for δ. The laminar flame thickness of a stoichiometric methane air flame at
atmospheric conditions is 0.433 mm [143]. Estimating the hydrodynamic length scale to be about 1–5 cm
we obtain δ ∼ 0.04 − 0.008, thus justifying the choice 0.01. In the following discussion, the scaling laws
for turbulent flame speed obtained in the earlier section are compared with existing experimental scalings,
either directly as a function of turbulence intensity or by reformulating them as functions of the above
mentioned non-dimensional quantities. It is well known that turbulent flame speed values are significantly
affected by parameters associated with the particular experimental/flow configuration used [50]. These
effects are typically contained in the constants of the scaling laws. Given the fundamental nature of our
setup, which does not account for such effects, we do not expect to recover absolute values of turbulent flame
speeds reported in experiments. We are primarily interested in comparing the experimental values of scaling
exponents on v′c/SL and the non-dimensional quantities (Da,Ka,ReT ) to the values obtained in the current
study.
Chaudhuri et al. [129] in their experiments, conducted in conditions when the DL instability was inactive,
accounted for the effects of varying the Markstein length on turbulent flame propagation and proposed a
scaling of the form
ST
SL
∝
(
v′c
SL
〈R〉
L
)0.5
≡ Re0.5T,M (7.18)
where 〈R〉 is the mean flame radius. This serves as a measure of the hydrodynamic length scale of the
problem, which in the current study is given by L. The parameter ReT,M is the turbulent Reynolds number
based on the Markstein length instead of the integral length scale. Equation (7.18) is identical to the form of
scaling obtained in Eq. (7.14) in the subcritical regime, except for S˜f or the stretch pre-factor. In their ST
calculations, only the effect of area increase was accounted for and the variations in the local flame speed due
to flame strain, which is the major component of flame stretch, were neglected due to limited measurement
capabilities.
Kobayashi et al. [65, 66, 67] via their experiments on turbulent Bunsen flames, examined the effects of
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Figure 7.11: (ST /v
′
c)(SL/S˜f ) vs Karlovitz stretch factor, parametrized with different values of Markstein
number. Also shown are fits of the form (ST /v
′
c)(SL/S˜f ) = αKa
β . The variation of α and β with Markstein
number is also shown together with expressions given by Eq. (7.21).
pressure increase on the turbulent flame speed. They proposed a scaling law of the form
ST
SL
∼
(
P
P0
v′c
SL
)0.4
(7.19)
where P0 is the atmospheric pressure. An increase in pressure causes a decrease of the flame thickness
lf = Dth/SL, since SL ∼ P (n/2)−1 where n is the reaction order and with Dth = λ/ρcp, we have lf ∼ P−n/2.
From Eq. (2.8) we know that L ∼ lf and therefore a decrease in flame thickness leads to a decrease in
Markstein length. The variation of turbulent flame speed with system pressure can therefore be directly
associated to its variation with Markstein length observed in the current study. As before, the scaling of
Eq. (7.19) does not include the effects of the stretch pre-factor.
Recent experiments of Troiani et al. [113] with turbulent C3H8-air Bunsen flames explicitly examined the
effects of the Darrieus-Landau instability by varying the equivalence ratio of the mixture and observed the
existence of sub- and supercritical regimes, consistent with current findings. At the turbulence intensities
examined, turbulent flame speed was observed to follow a sublinear power law type scaling with the turbu-
lence intensity. In particular, different scaling exponents were observed in the two regimes, with nsup < nsub,
consistent with the behavior observed in the current study.
In series of experimental studies conducted by Bradley et al. [56, 144, 145] turbulent flame speed mea-
surements were made over a large range of fuels and pressures, corresponding to both positive and negative
Markstein lengths, in a fan stirred spherical bomb. Correlations of the ratio the turbulent flame speed and
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turbulence intensity were presented in terms of the Karlovitz stretch factor as
ST
v′c
= α Kaβ (7.20)
and the Karlovitz stretch factor was calculated using Ka = 0.25 (v′c/SL)
2 Re−0.5T . The coefficients α and β
were found to be functions of Markstein number (≡ L /lf , the common definition) and were given by
α = 0.023(30−L /lf )
β = 0.0103(L /lf − 30) (7.21)
for positive values of L /lf . The scaling given by Eqs. (7.20) and (7.21) was found to be valid for Ka > 0.05.
We have observed that turbulent flame speed data from the current study, when rescaled with the average
local flame speed yields scalings that are typically observed in experiments. Therefore instead of ST /v
′
c, we
plot the variation in (ST /v
′
c)(SL/S˜f ) with Ka in Fig. 7.11, together with fits of the form given by Eq. (7.20)
and make a comparison with the experimental results of Bradley et al. We can see that the turbulent speed
data is well represented by the fits. The figure also shows variation of α and β with Markstein number.
Plotted in dashed lines are the expressions given by Eq. (7.21). The trend in variation of α and β with
Markstein number is well reproduced. The values of α appear to be very close to the dashed curve, whereas
β is consistently lesser than those predicted by the dashed curve. It must be noted that the values predicted
by Eq. (7.21) are dependent on the choice of δ, which can indeed be chosen so as to yield values even closer
to those of the current study. Comparison with the results of the current study therefore suggests the use of
a modified scaling law, given as
ST
v′c
=
(
S˜f
SL
)
α Kaβ . (7.22)
Based on the value of Ka, turbulent flame behavior was classified in [56] into two regimes, namely fully
turbulent regime (Ka > 0.1) and regime of mild turbulence & instabilities (Ka < 0.1). In the regime of mild
turbulence & instabilities a significant portion of flame wrinkling was attributed to flame instabilities. No
scaling law for ST was proposed for this regime however. It was indicated that the parameter ST /v
′
c held
little merit in this regime and it should be replaced by the ratio U/SL, which happens to be the constant
in the scaling law proposed by Eq. (7.8) in the supercritical regime at low intensities (v′c/SL . 1). Further
increase in turbulence intensity caused the instability effects to diminish. More and more wrinkling was
caused by turbulent eddies, until the system entered the fully turbulent regime (Ka > 0.1) where all flame
wrinkling was due to turbulence. In the current study, the Ka > 0.1 regime corresponds to turbulence
intensities v′c/SL & 1.0, where we have seen that instability effects start to fade and turbulence starts to
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take over, leading to the highly turbulent regime.
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′
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Similar to correlations with the Karlovitz stretch factor Ka, turbulent flame speeds have also been
presented in experimental studies in terms of the Damkohler number Da as
ST
v′c
= α Daβ . (7.23)
Lipatnikov and Chomiak [58] in their review have presented data from various experimental groups, namely
Karpov and Severin [146], Kido et al. [147] and Shy et al. [148], in the form of the scaling given by Eq. (7.23).
Attention was primarily focussed on mixtures with Le ≈ 1, subjected to moderate turbulence intensities.
The exponents β obtained via best fits to the three databases were 0.27, 0.44 and 0.54 respectively. As done
with the Karlovitz stretch factor, we plot the variation in the quantity (ST /v
′
c)(SL/S˜f ) from the current
study with the Damkohler number Da in Fig. 7.12, together with fits of the form given by Eq. (7.23). It
was mentioned in [58] that such scaling is expected to be valid only for v′c/SL ≥ 1 and therefore, ST data at
lower intensities are not considered in Fig. 7.12. Values of the scaling exponents β obtained via best fits are
also listed in Fig. 7.12 for the various Markstein numbers. They are close to two of the three experimental
exponents listed. Clearly visible in Fig. 7.12 are the different scalings for the sub- and supercritical regimes
and the emergence of the highly turbulent regime. Similar to the variation with Ka, the scaling exponent β
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appears to be a function of the Markstein number. A modified scaling law can be therefore suggested as
ST
v′c
=
(
S˜f
SL
)
α Daβ . (7.24)
Shy et al. [148, 149] conducted experiments using CH4-air and C3H8-air flames subjected to turbulence
intensities of v′c/SL ≈ 1− 50 and presented their data using another correlation of ST with Da, given as
ST − SL
v′c
= a Dan. (7.25)
The value of the exponent was obtained to be n = 0.6. Gu¨lder [150] compiled turbulent flame speed
data in the wrinkled flame regime consisting of over 200 data points measured by eight different teams for
15 mixtures and in another work [151] examined turbulent propane/air flames on a Bunsen type burner
subjected to intensities v′c/SL ≈ 0.9 − 15. His data could also be represented by a scaling of the form
given by Eq. (7.25), but with n = 0.25. A distinct feature of this form of scaling is that it is valid even
at low intensities, as opposed to the other forms of scalings (Eqs. (7.20) and (7.23)) that become invalid
as v′c/SL → 0. Figure 7.13 plots the variation in (ST − SL)/v′c with Da obtained in the current study,
together with fits of the form aDan. It must be noted that because of the form of the scaling law considered
(Eq. (7.25)), the influence of the stretch prefactor S˜f/SL has not been explicitly pulled out, as done in the
case of the other comparisons. Values of exponents n obtained for Markstein numbers in the supercritical
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regime (M < 0.0454) are in the close to n = 0.25 obtained by Gu¨lder et al. and are quite lesser than
n = 0.6 obtained by Shy et al. The significantly higher values of intensities (1 < v′c/SL < 50), compared
to those in the current study, examined by Shy et al. could be a reason for the discrepancy in the value
of the exponents. In the subcritical regime however, negative values of n are observed, which was not
reported by either groups. In this regime as v′c/SL → 0, the turbulent flame speed reaches SL and therefore
(ST − SL)/v′c → 0, as opposed to the supercritical regime where ST → U and (ST − SL)/v′c tends to a finite
value (U − SL)/v′c which is greater than its values at higher v′c/SL. This is the reason for the negative and
positive scaling observed in the sub- and supercritical regimes respectively. A primary advantage of the form
of scaling given by Eq. (7.25) is that it provides a clear illustration of the effects of the DL instability via
scaling exponents of opposing signs in the sub- and supercritical regimes.
Apart from scaling laws for ST , there are certain other features of turbulent flame propagation which can
be extracted from current results and compared to exisiting results in literature. Weiß et al. [126] examined
expanding spherical turbulent CH4-air, C3H8-air and H2-air flames in an explosion vessel. Independent
measurements of the turbulent flame speed and turbulent to laminar flame area ratio Af/A were made,
where Af is the mean turbulent flame area and A is the area of the laminar flat flame in current notation.
They have shown the two quantities to be equal only for mixtures with Markstein numbers close to zero.
For positive Markstein numbers it was shown that ST /SL < Af/A and vice versa for negative Markstein
numbers. Results from the current study, restricted to positive Markstein numbers, are plotted in Fig. 7.14
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illustrating good agreement with experiments. Such deviation from the area ratio was attributed to the
decrease (increase) in the average local flame speed for positive (negative) Markstein numbers, as done in
the current study. Similar deviations from the area ratio were observed by Troiani et al. [135] in terms of
a stretch prefactor. Daniele et al. [127] examined mixtures ranging from pure methane to syngas (H2 - CO
blends) and plotted the variation of ST normalized by a local flamelet speed, similar to S˜f , with the variation
in ST /SL. Making such a plot using the current results will be identical to Fig. 7.14 since we have shown
that ST /S˜f scales as the mean flame area. They observed a behavior consistent with Fig. 7.14, but in the
opposite direction, i.e. most of the data was above the ST /SL = ST /S˜f line, since most of the mixtures in
consideration were characterized by negative Markstein numbers.
Variation of the average local flame speed S˜f with increasing stretch rate imposed by the turbulent
flow has been the subject of examination of both numerical and experimental studies, primarily in order to
estimate influence of flame stretch on ST . Figure 7.15 plots the variation of average stretch rate at the flame
K˜ and average local flame speed S˜f = SL−L K˜ with turbulence intensity. As intensity increases, K˜ increases
upto a certain value, beyond which there is a reduced increase in K˜ with v′c/SL. As mentioned in chapter 6 for
Fig 6.18, the linear fits to the stretch vs. turbulence intensity data are only for better illustrating the change
in scaling or bending behavior and do not imply a linear relationship between K and v′c/SL. This reduction
is a function of the Markstein number. For M = 0.057 the stretch at the flame almost becomes a constant
for v′c/SL > 1.1. For M = 0.033, 0.018 the increase in K˜ reduces beyond v′c/SL = 1.2, 1.6 respectively.
Corresponding to the behavior of K˜, S˜f decreases with v′c/SL upto a certain value, beyond which the rate
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of decrease slows down. Weiß et al. [126] experimentally observed such a “bending” behavior, which turned
out to be a function of Markstein number. Daniele et al. [127] observed similar behavior upon varying the
system pressure and mixture composition, which can directly be related to variation in Markstein number.
Reduced response of S˜f to increasing values of turbulence intensity has also been observed in numerical
studies of Joulin [124], using a simplified constant density model and by Chen and Im [107, 125], Im and
Chen [152] via Direct Numerical Simulations. Such a bending behavior is attributed to a competition between
two time scales, namely, the turbulence time v′c/λ and flame time λ/S˜f , where λ, the Taylor microscale,
represents the smallest turbulence scale interacting with the flame. When the parameter v′c/S˜f , which can
be understood as the ratio of flame time over turbulence time v′c/S˜f = (λ/S˜f )(v
′
c/λ) exceeds a certain value,
the flame can no longer follow and completely interact the turbulent eddies due to large differences between
the flame and flow timescales, therefore reducing the effective stretch rate felt by the flame. The definition
of the two timescales and the concept of the parameter v′c/S˜f has been adopted from [127]. In the current
study, for M = 0.057, 0.033, 0.018 the values of this parameter at which change in stretching behavior is
observed are v′c/S˜f = 1.38, 1.62, 1.76 respectively.
7.7 Summary
The key results from this chapter can be summarized as follows,
• A parametric study is conducted to examine the effects of varying the system parameters, namely
turbulence parameters: turbulence intensity and integral length scale, mixture parameters: thermal
expansion coefficient and Markstein length, on turbulent flame propagation. Turbulence intensities
spanning both the wrinkled and corrugated flamelet regimes of turbulent combustion, together with
realistic values of thermal expansion are considered. Markstein lengths are varied such that they span
both the DL instability free subcritical and the DL instability affected supercritical regimes.
• The variation of turbulent flame speed ST with various parameters was as follows:
– Turbulence intensity (v′c/SL): Quadratic at low intensities (ST /SL = a+b (v
′
c/SL)
2) and sublinear
power law (ST /SL = C(v
′
c/SL)
n with n < 1) at moderate to high intensities in both the sub- and
supercritical regimes.
– Markstein length (M = L /L): Linear in the subcritical regime (ST /SL − 1 ∼ M−1) and a
sublinear power law (ST /SL ∼ M−n with n < 1) in the supercritical regime at low intensities.
Common sublinear power law (ST /SL ∼ M−n with n < 1) in both regimes at moderate to high
intensities.
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– Thermal expansion coefficient (σ): No effect in the subcritical regime at moderate to high inten-
sities. Linear dependence in the supercritical regime, proportional to the propagation speed of
the unstable laminar flame, at all intensities considered.
– Integral length scale (`/L): Existence of a particular eddy size that interacts with the flame with
maximum effectiveness leading to an amplification of the turbulent flame speed. Value of such
integral length scale is `/L ≈ 0.6 in the subcritical regime at low intensities. In the supercritical
regime it shifts to slightly smaller scales with decreasing values of Markstein length. At moderate
intensities, the amplification occurs at a common integral length scale `/L ≈ 0.4− 0.45 for both
sub- and supercritical regimes.
• The following scaling laws for turbulent flame speed, exhibiting explicit dependence on system param-
eters, are formulated:
– In the supercritical regime (M <Mc), at low intensities
ST
SL
=
U(σ,M)
SL
{
1 + b χ′(`,M)
(
v′c
SL
)2}
.
– At moderate to high intensities,
ST
SL
= C(σ)χ(`,M)
[
1− L K˜
SL
]

(v′c/SL)
0.42
M0.22 M <Mc
(
v′c/SL
M
)0.47
M >Mc
C(σ) =

0.62U/SL M <Mc
0.73 M >Mc .
• The scaling laws obtained are compared with existing scaling laws in the literature, both in the proposed
form and after recasting in terms of dimensionless parameters: turbulent Reynolds number, Damko¨hler
number and Karlovitz number. Good agreement is found between the scaling exponents obtained in
the current study and those obtained in various experimental studies. In particular an improvement,
which explicitly includes the effect of flame stretch in terms of an averaged local flame speed S˜f , is
suggested to the existing scaling laws.
• Apart from scaling laws, results such as the comparison between turbulent flame speed and turbulent
to laminar flame area ratio and the behavior of the average local flame speed S˜f follow the trends
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reported in experimental studies.
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Chapter 8
Conclusions
In this chapter, first the accomplishments of this research activity are highlighted and then the future scope
of the present work is discussed. The future scope describes different directions one can pursue originating
from the work presented here.
8.1 Research accomplishments
The primary research accomplishments of this study are briefly summarized below.
• A hybrid Navier-Stokes/interface tracking methodology developed within the context of a hydrody-
namic flame model has been utilized to examine propagation of two-dimensional large scale premixed
flames for mixtures with L > 0.
• In a laminar setting, with the flame propagating into a quiescent flow, the methodology was used
to examine the long time nonlinear behavior of the Darrieus-Landau instability, stemming from gas
expansion. Results obtained from the hybrid methodology, in particular the flame shapes and propa-
gation speeds, were compared to results of Direct Numerical Simulations with detailed chemistry and
transport. Good quantitative and qualitative agreement between the two was observed.
• With the quiescent inflow replaced with a homogeneous, isotropic turbulence realization, characterized
by an intensity and integral length scale, the hybrid methodology was used to examine turbulent
flame propagation. A PID-type control maintained the flame position and intensity at the flame at
user-specified values and enabled calculations to reach statistical steady state. At low intensities the
flame was mathematically represented as single-valued function in the flame tracking algorithm. For
moderate to high intensities, an improved interface tracking algorithm was developed which utilized a
generalized representation allowing for multivalued and disjointed interfaces.
• One of the primary contributions of this study was a systematic analysis of the influence of the Darrieus-
Landau instability on turbulent flame propagation. In particular two regimes of distinct turbulent
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flame behavior were identified, depending on the mixture composition, thermal expansion coefficient
and turbulence intensity: (i) a sub-critical regime where, on the average, the flame brush remained
planar and unaffected by the Darrieus-Landau instability and (ii) a supercritical regime where the DL
effects, responsible for frequent intrusions of the flame front into the burned gas region, have a marked
influence on the flame brush whose dynamics remained resilient to turbulence.
• At low intensities the sub- and supercritical regimes were further characterized by
– Pdf of flame position: Symmetric about mean flame location for the subcritical and highly asym-
metric for the supercritical regime.
– Pdf of flame curvature: Symmetric about zero mean curvature for the subcritical and highly
asymmetric for the supercritical regime.
– Skewness of curvature pdf: Low negative values (close to zero) for the subcritical and large
negative values for the supercritical regime.
– Curvature-strain correlation: Linear fit to the curvature-strain joint pdf data yielded a negative
slope for the subcritical regime, indicating that flame straining was primarily done by turbulent
vortices, and a positive slope for the supercritical regime, indicating that flame straining was
primarily done by the Darrieus-Landau mechanism.
• At moderate to high intensities, the flame attained folds and pockets of unburned gases pinched off from
its surface and got consumed rapidly. As intensity was increased, the DL effects seemed to diminish and
flames in the sub- and supercritical regimes started to tend towards a common turbulence dominated
behavior. This led to the emergence of a third regime of turbulent flame propagation at sufficiently
high intensities, a highly turbulent regime.
• The highly turbulent regime was characterized by
– Nearly symmetric pdfs of flame position and curvature, with long tails towards the burned side
and negative curvature values respectively because of the frequent formation of folds and pockets.
– Near zero skewness of curvature pdfs.
– Negative values of slope of the linear fit to curvature-strain data, implying that all flame straining
was done by turbulent vortices.
• The next important contribution of this study was the calculation of the turbulent flame speed and a
detailed examination of its dependence on various system parameters, namely turbulence parameters:
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turbulence intensity and integral length scale and mixture parameters: thermal expansion coefficient
and Markstein length.
• It was found that at low intensities, turbulent flame speed scaled quadratically with turbulence intensity
in both the sub- and supercritical regimes. Beyond a certain level of intensity, the scaling changed to a
sublinear power law. Frequent flame surface area decrease due to pocket formation/consumption and
mean positive stretching due to turbulence were identified as causes for the switch in scaling. In the
supercritical regime, at low intensities, the DL instability caused an enhancement in the turbulent flame
speed. At moderate to high intensities, the DL instability effects led to different values of sublinear
scaling exponents in the sub- and supercritical regimes (nsup < nsub). As intensity increased, the
enhancement due to the instability diminished slowly. In the highly turbulent regime, beyond a certain
level of intensity, the DL effects reduced to a minimum and the sub- and supercritical scalings appeared
to merge to a common scaling.
• A novel contribution of this work was the identification of an intermediate turbulent length scale that
most effectively perturbed the flame and maximized the turbulent flame speed. At low intensities, such
a scale had a fixed value in the subcritical regime (`/L ≈ 0.6), while it shifted to slightly smaller values
with decreasing Markstein lengths in the supercritical regime. This is because of the decrease in radius
of curvature of the tip of cusp-like flame shapes as the Markstein length decreased. At moderate to
high intensities such an amplification of the turbulent flame speed happened at a common length scale
for both the sub- and supercritical regimes (`/L ≈ 0.4− 0.45), since flame wrinkling was primarily due
to turbulence leading to a common radius of curvature.
• Scaling laws for the turbulent flame speed in different regimes, exhibiting explicit dependence on the
various system parameters, were formulated as follows,
– In the subcritical regime (M >Mc), at low intensities
ST
SL
=
[
1− LKS
SL
]{
1 + b(σ)χ′(M, `)M−1
(
v′c
SL
)2}
.
– In the supercritical regime (M <Mc), at low intensities
ST
SL
=
U(σ,M)
SL
{
1 + b χ′(`,M)
(
v′c
SL
)2}
with b = 0.32.
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– At moderate to high intensities,
ST
SL
= C(σ)χ(`,M)
[
1− L K˜
SL
]

(v′c/SL)
0.42
M0.22 M <Mc
(
v′c/SL
M
)0.47
M >Mc
C(σ) =

0.62U/SL M <Mc
0.73 M >Mc .
• Owing to the two-way coupling between the flame and the flow, provided by the source term in the
modified continuity equation, we could also examine the effects of the flame on the flow. This was done
via the magnitudes of vorticity and the rate of strain tensor averaged in the transverse direction and
in time, denoted by |ω|, E respectively. The variation of these quantities across the flame brush in the
sub- and supercritical regimes clearly identified the effects of the Darrieus-Landau instability. Also, at
sufficiently high intensities, they exhibited a common behavior, confirming the existence of the highly
turbulent regime.
• Results from the current study were compared to various experimental and numerical studies conducted
on turbulent premixed flames. The proposed scaling laws were compared to existing experimental scal-
ing laws, both in the proposed form and after recasting in terms of dimensionless parameters: turbu-
lent Reynolds number, Damko¨hler number and Karlovitz number. Good qualitative and quantitative
agreement was found with existing results, indicative of the effectiveness of the current hybrid approach
based on the hydrodynamic flame model to examine premixed turbulent flame propagation.
8.2 Future scope
There are multiple avenues that one can pursue to extend this research activity in future. They are discussed
briefly in this section. In the current study jump relations across the flame, that ensured conservation of mass
and momentum in the hydrodynamic model, were taken to be the Rankine Hugoniot relations. However,
it has been shown [41, 76] that these jumps involve O(δ) corrections that account for transverse fluxes
and accumulation. These corrections need to be appropriately included in the numerical scheme. Present
calculations are limited to “two-dimensional” turbulence. The next logical step would be to extend the
calculations to three dimensions and examine the interaction of the flame with “real” turbulence. The hybrid
numerical scheme can also be used to setup simulations that replicate simple experimental configurations
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such as a turbulent Bunsen flame or a turbulent expanding flame in a spherical bomb. Also, the values of
the thermal expansion ratio and Markstein length can be chosen to best represent the mixtures used in the
experiments. Results from such simulations will allow for direct quantitative comparisons with experimental
results.
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Appendix A
A.1 Derivation of strain rate transport equation
An equation for the components of the strain rate tensor E can be derived by taking spatial derivatives of
the momentum equation (Eq. (2.12)), which can be written in indicial notation as
∂
∂xj
∂ui
∂t
+
∂
∂xj
(
uk
∂ui
∂xk
)
= − ∂
∂xj
(
1
ρ
∂p
∂xi
)
+
∂
∂xj
(
ν
∂2ui
∂xk∂xk
)
(A.1)
where ν = µ/ρ is the kinematic viscosity. Setting Aij = ∂ui/∂xj , we can write
∂Aij
∂t
+ uk
∂Aij
∂xk
= −AikAkj − 1
ρ
∂2p
∂xi∂xj
+
1
ρ2
∂p
∂xj
∂ρ
∂xj
+ ν
∂2Aij
∂xk∂xk
+
∂ν
∂xj
∂2ui
∂xk∂xk
. (A.2)
The strain rate tensor can be written as Eij =
1
2
(Aij + Aji). Using the appropriate forms of the equation
above, an equation for Eij can be obtained as
∂Eij
∂t
+ uk
∂Eij
∂xk
= −
(
AikAkj +AjkAki
2
)
− 1
ρ
∂2p
∂xi∂xj
+ ν
∂Eij
∂xk∂xk
+
1
2ρ2
(
∂p
∂xi
∂ρ
∂xj
+
∂p
∂xj
∂ρ
∂xi
)
+
1
2
(
∂ν
∂xj
∂2ui
∂xk∂xk
+
∂ν
∂xi
∂2uj
∂xk∂xk
)
. (A.3)
The quantity Aij can also be written as Aij = Eij + Ωij , where Ωij is the anti-symmetric rate of rotation
tensor given by
Ωij =
1
2
(
∂ui
∂xj
− ∂uj
∂xi
)
. (A.4)
The rate of rotation tensor can also be related to the components of the vorticity vector ω as
Ωij = −1
2
ijkωk. (A.5)
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Using Eqs. (A.4) and (A.5), we can write Eq. (A.3) as
∂Eij
∂t
+ uk
∂Eij
∂xk
= −EikEkj − 1
4
(ωiωj − δijωkωk)− 1
ρ
∂2p
∂xi∂xj
+ ν
∂2Eij
∂xk∂xk
+
1
2ρ2
(
∂p
∂xi
∂ρ
∂xj
+
∂p
∂xj
∂ρ
∂xi
)
+
1
2
(
∂ν
∂xj
∂2ui
∂xk∂xk
+
∂ν
∂xi
∂2uj
∂xk∂xk
)
. (A.6)
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